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Revision History

Version Date Who Changes

R0 10.10.2025 NH

R1 13.04.2026 NH Rayleigh–Bénard Convection:

• Grid–Rayleigh-number selection for the RB test cases has

been clarified, referencing the boundary layer resolution re-

quirements of [1].

S-Bend:

• The grid-Re coupling for the S-bend test case has been clar-

ified, and the grid-growth exponent � has been corrected.

• The asymptotic advantage conditions in Section 2.1.1 have

been updated to reflect the corrected �, and exceptions at

"F = 10−10 are now stated.

• Table 2.14 has been updated accordingly.
R2 21.04.2026 NH • Citation [2] has been added to the appropriate places in Sec-

tion 1.1 and 3.1.

• Citation of our recent preprint [3] on Rayleigh-Bénard con-

vection has been added to the appropriate Section 2.1.3.
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Executive summary

This deliverable establishes scaling requirements for variational quantum algorithms (VQAs) for computational

fluid dynamics (CFD) by using tensor networks as a classical proxy to derive empirical lower bounds on the quan-

tum resources needed at a given accuracy. We assess the representability of CFD solutions in matrix product state

(MPS) format by compressing fields produced by our in-house finite-difference code and the industry-standard

OpenFOAM solver, Helyx. To enable fair, quantitative comparison, we introduce an advantage factorA that com-

bines the grid-resolution requirement with a model for how the required MPS bond dimension �—the parameter

that sets the computational and storage requirements—scales with Reynolds number Re. Using three case stud-

ies—laminar cylinder flow, Rayleigh–Bénard convection (transition to turbulence), and an engineering S-bend,

we map how � grows with Re to achieve a fixed accuracy and translate this into projected time and memory

costs. The results indicate that, wherever the physics admits compact tensor representations (moderate �), MPS

offers clear reductions in memory footprint and runtime at fixed error compared with classical baselines. From a

quantum-algorithm perspective, the tensor-network study is a scaling analysis that yields classical lower bounds

on the achievable speedup by the quantum algorithm. We do not expect those asymptotics to change in quantum

implementations. What matters for near-term viability are the constant prefactors, since quantum computing re-

sources are scarce. We therefore focus on optimizing the quantum algorithms’ efficiency: prototyping VQAs on

1D benchmarks (nonlinear Schrödinger equations and Burgers’ equation), using MPO-to-circuit compilation and

the QNPU concept for nonlinear terms, and exploring depth reduction (e.g., trading depth for qubits with mid-

circuit measurement and classical control), ansatz and optimizer choices, and barren-plateau mitigation. These

studies target smaller prefactors through shallower circuits, fewer optimization parameters, and more stable train-

ing. All data supporting this report are publicly available; newly generated datasets (including figure data) are

archived under DOI: 10.25592/uhhfdm.18026 in the UHH research data repository.
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�$�S�S�O�\�L�Q�J �W�K�H�V�H �V�F�D�O�L�Q�J �D�V�V�X�P�S�W�L�R�Q�V �W�R �R�X�U �E�H�Q�F�K�P�D�U�N �D�O�O�R�Z�V �X�V �W�R �F�R�P�S�D�U�H �W�K�H �0�3�2���0�3�6 �D�S�S�U�R�D�F�K �Z�L�W�K �D
�F�O�D�V�V�L�F�D�O �)�' �P�H�W�K�R�G�� �$ �V�S�D�U�V�H �)�' �P�D�W�U�L�[���Y�H�F�W�R�U �P�X�O�W�L�S�O�L�F�D�W�L�R�Q �V�F�D�O�H�V �Z�L�W�K �W�K�H �Q�X�P�E�H�U �R�I �J�U�L�G �S�R�L�Q�W�V �1�� �*�L�Y�H�Q
�W�K�D�WN � �5�H� �� �W�K�H �F�R�P�S�O�H�[�L�W�\ �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �L�Q �W�H�U�P�V �R�I �W�K�H �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �D�V �5�H� �� �Z�K�H�U�H�D�V �D�Q �0�3�2���0�3�6
�F�R�Q�W�U�D�F�W�L�R�Q �V�F�D�O�H�V �D�V� O �5�H��� �O�R�J �5�H�� �Z�K�H�U�H� 0 �G�H�Q�R�W�H�V �W�K�H �0�3�2 �E�R�Q�G �G�L�P�H�Q�V�L�R�Q ���I�R�U �V�W�D�Q�G�D�U�G �)�' �V�W�H�Q�F�L�O�V �R�Q
�X�Q�L�I�R�U�P �J�U�L�G�V��� O = O(1 � 10)���� �0�H�P�R�U�\ ��M �� �V�K�R�Z�V �D�Q �D�Q�D�O�R�J�R�X�V �F�R�P�S�D�U�L�V�R�Q��M �)�' � �5�H� �Y�H�U�V�X�VM �0�3�6 �
�5�H��� �O�R�J �5�H �I�R�U �D �V�L�Q�J�O�H �V�F�D�O�D�U �I�L�H�O�G�� �$ �V�X�P�P�D�U�\ �L�V �S�U�H�V�H�Q�W�H�G �L�Q �7�D�E�O�H ��������

�4�X�D�Q�W�L�W�\ �)�' �0�3�6
�5�X�Q�W�L�P�HT ���0�D�W�Y�H�F��O(N ) � �5�H� O(� O � 3) � � O �5�H���

�0�H�P�R�U�\M O (N ) � �5�H� O(� 2) � �5�H���

�7�D�E�O�H ���������7�K�L�V �W�D�E�O�H �V�X�P�P�D�U�L�]�H�V �W�K�H �U�X�Q�W�L�P�HT �D�Q�G �V�W�R�U�D�J�H �F�R�V�WM �L�Q �E�R�W�K �)�' �D�Q�G �0�3�6 �D�S�S�U�R�D�F�K�� �1�R�W�H �W�K�D�W �I�R�U �0�D�W�Y�H�F
�R�S�H�U�D�W�L�R�Q �L�Q �W�K�H �0�3�6 �I�R�U�P�D�W�� �Z�H �F�K�R�R�V�H �W�K�H �Y�D�U�L�D�W�L�R�Q�D�O �P�H�W�K�R�G �Z�L�W�K �O�H�D�G�L�Q�J �F�R�V�W �J�L�Y�H�Q �L�Q �7�D�E�O�H ������ �D�Q�G �Z�H �Q�H�J�O�H�F�W �F�R�Q�V�W�D�Q�W
�S�U�H�I�D�F�W�R�U�V��

�:�K�H�W�K�H�U �W�K�H �D�O�J�R�U�L�W�K�P �D�F�K�L�H�Y�H�V �D �W�U�X�H �V�S�H�H�G�X�S �G�H�S�H�Q�G�V �R�Q �Z�K�L�F�K �U�H�V�R�X�U�F�H�� �D�U�L�W�K�P�H�W�L�F �F�R�P�S�X�W�D�W�L�R�Q �R�U �G�D�W�D
�P�R�Y�H�P�H�Q�W ���P�H�P�R�U�\���� �L�V �W�K�H �E�R�W�W�O�H�Q�H�F�N �R�Q �W�K�H �W�D�U�J�H�W �S�O�D�W�I�R�U�P�� �,�Q �P�D�Q�\ �&�)�' �S�U�R�E�O�H�P�V�� �F�O�D�V�V�L�F�D�O �V�R�O�Y�H�U�V �D�U�H �K�L�J�K�O�\
�P�H�P�R�U�\���E�R�X�Q�G ��� 95�� �W�L�P�H �V�S�H�Q�W �R�Q �P�H�P�R�U�\ �W�U�D�I�I�L�F���� �,�Q �W�K�L�V �V�F�H�Q�D�U�L�R�� �U�H�G�X�F�L�Q�J �W�K�H �P�H�P�R�U�\ �I�R�R�W�S�U�L�Q�W �D�Q�G�� �F�R�Q��
�V�H�T�X�H�Q�W�O�\�� �G�D�W�D �P�R�Y�H�P�H�Q�W �F�D�Q �S�U�R�G�X�F�H �V�L�J�Q�L�I�L�F�D�Q�W �V�S�H�H�G�X�S�V�� �H�Y�H�Q �L�I �W�K�H �Q�X�P�E�H�U �R�I �D�U�L�W�K�P�H�W�L�F �R�S�H�U�D�W�L�R�Q�V �U�L�V�H�V��
�&�R�Q�Y�H�U�V�H�O�\�� �R�Q �F�R�P�S�X�W�H���O�L�P�L�W�H�G �K�D�U�G�Z�D�U�H�� �U�H�G�X�F�L�Q�J �W�K�H �D�U�L�W�K�P�H�W�L�F �F�R�X�Q�W �G�R�P�L�Q�D�W�H�V �S�H�U�I�R�U�P�D�Q�F�H�� �*�L�Y�H�Q �W�K�D�W �W�K�H
�E�D�O�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H�V�H �I�D�F�W�R�U�V �L�V �S�O�D�W�I�R�U�P���V�S�H�F�L�I�L�F�� �Z�H �D�Y�R�L�G �D �V�L�Q�J�O�H �P�H�W�U�L�F �D�Q�G �L�Q�V�W�H�D�G �U�H�S�R�U�W �W�K�H �U�X�Q�W�L�P�H �D�G�Y�D�Q��
�W�D�J�H �I�D�F�W�R�U ��AT �� �D�Q�G �P�H�P�R�U�\ �D�G�Y�D�Q�W�D�J�H �I�D�F�W�R�U ��AM �� �V�H�S�D�U�D�W�H�O�\�� �Z�K�H�U�HA �F�K�D�U�D�F�W�H�U�L�]�H�V �W�K�H �U�D�W�L�R �R�I �)�' �W�R �0�3�6
�F�R�V�W�� �7�R �V�X�P�P�D�U�L�]�H�� �Z�H �G�H�I�L�Q�H �D�G�Y�D�Q�W�D�J�H �I�D�F�W�R�U�V ��A�� �D�V �W�K�H �U�D�W�L�R �R�I �)�' �W�R �0�3�6 �F�R�V�W ���W�L�P�H �R�U �P�H�P�R�U�\���� �1�H�J�O�H�F�W�L�Q�J
�S�R�O�\�O�R�J�D�U�L�W�K�P�L�F �W�H�U�P�V �D�Q�G �F�R�Q�V�W�D�Q�W �S�U�H�I�D�F�W�R�U�V�� �Z�H �J�H�W

AT � �5�H� � ��� ; �$�0 � �5�H� � ��� :

�7�K�X�V�� �W�Z�R �S�U�D�F�W�L�F�D�O �G�H�F�L�V�L�R�Q �F�U�L�W�H�U�L�D �D�U�H �L�G�H�Q�W�L�I�L�H�G�� ���L�� �L�I� < � /3 �� �W�K�H �0�3�6 �I�R�U�P�X�O�D�W�L�R�Q �L�V �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �I�D�Y�R�U�D�E�O�H
�L�Q �U�X�Q�W�L�P�H�� ���L�L�� �L�I� < � /2 �� �L�W �L�V �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �I�D�Y�R�U�D�E�O�H �L�Q �P�H�P�R�U�\�� �7�K�H�V�H �F�U�L�W�H�U�L�D �Z�L�O�O �E�H �H�Y�D�O�X�D�W�H�G �L�Q �I�R�O�O�R�Z�L�Q�J
�F�D�V�H �V�W�X�G�L�H�V �L�Q �6�H�F�W�L�R�Q ������ �E�\ �H�V�W�L�P�D�W�L�Q�J(�; � ) �I�U�R�P �W�K�H �G�D�W�D �D�Q�G �U�H�S�R�U�W�L�Q�J �W�L�P�H �D�Q�G �P�H�P�R�U�\ �D�W �P�D�W�F�K�H�G �D�F�F�X�U�D�F�\��

�7�K�L�V �S�U�R�M�H�F�W �U�H�F�H�L�Y�H�V �I�X�Q�G�L�Q�J �I�U�R�P �W�K�H �(�X�U�R�S�H�D�Q �8�Q�L�R�Q�¶�V �+�R�U�L�]�R�Q �������� �� �+�R�U�L�]�R�Q �(�X�U�R�S�H
�U�H�V�H�D�U�F�K �D�Q�G �L�Q�Q�R�Y�D�W�L�R�Q �D�F�W�L�R�Q�V �S�U�R�J�U�D�P�P�H �X�Q�G�H�U �*�U�D�Q�W �$�J�U�H�H�P�H�Q�W ��������������������������



�����������&�D�V�H �6�W�X�G�\ �,�� �)�O�R�Z �F�\�O�L�Q�G�H�U �X�V�L�Q�J �F�X�U�Y�L�O�L�Q�H�D�U �F�R�R�U�G�L�Q�D�W�H�V

�)�L�J�X�U�H �����������D�� �$ �X�Q�L�W���G�L�D�P�H�W�H�U �F�\�O�L�Q�G�H�U ��D = 1 �� �Z�L�W�K �E�R�X�Q�G�D�U�\� �L�V �F�H�Q�W�H�U�H�G �L�Q �D �F�L�U�F�X�O�D�U �G�R�P�D�L�Q
 �Z�K�R�V�H �R�X�W�H�U �E�R�X�Q�G�D�U�\
@
 �K�D�V �G�L�D�P�H�W�H�U32D ���L���H����32D ���� �*�U�L�G �O�L�Q�H�V �D�U�H �V�K�R�Z�Q �L�Q �O�L�J�K�W �J�U�D�\�� �W�K�H �H�[�W�H�U�L�R�U �E�R�X�Q�G�D�U�\@
 �L�V �L�Q�G�L�F�D�W�H�G �L�Q �E�O�D�F�N �D�Q�G �W�K�H
�L�Q�W�H�U�L�R�U �F�\�O�L�Q�G�H�U �E�R�X�Q�G�D�U�\� �L�Q �P�D�J�H�Q�W�D�� ���E�� �7�U�D�Q�V�I�R�U�P�D�W�L�R�Q �E�H�W�Z�H�H�Q �F�R�P�S�X�W�D�W�L�R�Q�D�O �D�Q�G �S�K�\�V�L�F�D�O �G�R�P�D�L�Q �Y�L�D �P�D�S�S�L�Q�JT ��

�)�O�R�Z �S�D�V�W �D �F�L�U�F�X�O�D�U �F�\�O�L�Q�G�H�U �L�V �D �F�D�Q�R�Q�L�F�D�O �&�)�' �E�H�Q�F�K�P�D�U�N �Z�L�W�K �H�[�W�H�Q�V�L�Y�H �S�U�L�R�U �O�L�W�H�U�D�W�X�U�H �>���@ �D�Q�G�� �L�Q �F�H�U�W�D�L�Q
�U�H�J�L�P�H�V�� �D�Y�D�L�O�D�E�O�H �D�Q�D�O�\�W�L�F�D�O �U�H�V�X�O�W�V�� �'�H�V�S�L�W�H �L�W�V �J�H�R�P�H�W�U�L�F �V�L�P�S�O�L�F�L�W�\�� �L�W �H�[�K�L�E�L�W�V �U�L�F�K �X�Q�V�W�H�D�G�\ �G�\�Q�D�P�L�F�V �V�X�F�K
�D�V �W�K�H �Y�R�Q �.�i�U�P�i�Q �Y�R�U�W�H�[ �V�W�U�H�H�W �D�W �P�R�G�H�U�D�W�H �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V�� �:�H �G�L�V�F�U�H�W�L�]�H �W�K�H �G�R�P�D�L�Q �X�V�L�Q�J �D �E�R�G�\���I�L�W�W�H�G
�F�X�U�Y�L�O�L�Q�H�D�U �J�U�L�G �F�K�D�U�D�F�W�H�U�L�]�H�G �E�\ �W�K�H �V�P�R�R�W�K �P�D�S�S�L�Q�J��(�; � ) 2 [0; 1]2 7! (x; y)�� �V�R �W�K�D�W �W�K�H �F�X�U�Y�H�G �S�K�\�V�L�F�D�O
�E�R�X�Q�G�D�U�L�H�V �D�U�H �P�D�S�S�H�G �W�R �V�W�U�D�L�J�K�W �E�R�X�Q�G�D�U�L�H�V �L�Q �W�K�H �U�H�F�W�D�Q�J�X�O�D�U �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q�� �D�V �L�O�O�X�V�W�U�D�W�H�G �L�Q �)�L�J�� �������E��
�)�X�U�W�K�H�U �G�H�W�D�L�O�V �R�Q �W�K�H �V�H�W�X�S �F�D�Q �E�H �I�R�X�Q�G �L�Q �>�����@�� �+�H�U�H�� �Z�H �D�L�P �W�R �D�V�V�H�V�V �K�R�Z �Z�H�O�O �0�3�6 �F�D�Q �U�H�S�U�H�V�H�Q�W �W�K�H �I�O�X�L�G
�I�L�H�O�G�V �R�Q �W�K�L�V �F�X�U�Y�L�O�L�Q�H�D�U �J�U�L�G ���R�U �O�L�N�H�Z�L�V�H �R�Q �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q���� �7�R �W�K�L�V �H�Q�G�� �Z�H �U�X�Q �)�' �V�L�P�X�O�D�W�L�R�Q�V �W�R �D
�V�W�H�D�G�\ �V�W�D�W�H�� �H�Q�F�R�G�H �W�K�H �I�L�Q�D�O �I�L�H�O�G�V �L�Q�W�R �0�3�6�� �D�Q�G �V�W�X�G�\ �W�K�H �U�H�T�X�L�U�H�G �E�R�Q�G �G�L�P�H�Q�V�L�R�Q �I�R�U �H�D�F�K �V�W�D�W�H �Y�D�U�L�D�E�O�H��

�6�F�D�O�L�Q�J �$�Q�D�O�\�V�L�V �I�R�U �/�D�P�L�Q�D�U �)�O�R�Z�V

�:�H �X�V�H �W�K�H �F�X�U�Y�L�O�L�Q�H�D�U �E�R�G�\���I�L�W�W�H�G �P�H�V�K �G�H�V�F�U�L�E�H�G �L�Q �>�����@�� �7�K�H �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �5�H �I�R�U �H�D�F�K �J�U�L�G �V�L�]�HN �L�V
�V�H�O�H�F�W�H�G �E�D�V�H�G �R�Q �W�K�H �U�H�T�X�L�U�H�P�H�Q�W �I�R�U �D �I�L�[�H�G �E�R�X�Q�G�D�U�\���O�D�\�H�U �U�H�V�R�O�X�W�L�R�Q �D�Q�G �V�X�P�P�D�U�L�]�H�G �L�Q �7�D�E�O�H ��������

N ���������� ������������ �������������� ��������������
�5�H ������ ������ �������� ����������

�7�D�E�O�H ���������7�K�L�V �W�D�E�O�H �V�K�R�Z�V �W�K�H �J�U�R�Z�W�K �R�I �W�K�H �Q�X�P�E�H�U �R�I �S�R�L�Q�W�V �L�Q �R�X�U �J�U�L�G �Z�L�W�K �L�Q�F�U�H�D�V�L�Q�J �5�H��

�)�U�R�P �W�K�L�V �W�D�E�O�H�� �Z�H �H�V�W�L�P�D�W�H �W�K�H �J�U�R�Z�W�K �H�[�S�R�Q�H�Q�W� �W�R �E�H �D�S�S�U�R�[�L�P�D�W�H�O�\ �������� �)�R�U �H�D�F�K �S�D�L�U(N; �5�H)�� �Z�H �S�H�U�I�R�U�P
�D �V�W�H�D�G�\���V�W�D�W�H �V�L�P�X�O�D�W�L�R�Q �X�V�L�Q�J �D�Q �L�Q���K�R�X�V�H �)�' �V�R�O�Y�H�U�� �D�Q�G �G�H�W�H�U�P�L�Q�H �W�K�H �P�L�Q�L�P�D�O �0�3�6 �E�R�Q�G �G�L�P�H�Q�V�L�R�Q� (" ; �5�H)
�Z�L�W�K �W�R�O�H�U�D�Q�F�H"L 2 �Z�K�L�F�K �L�V �W�K�H �U�H�O�D�W�L�Y�HL 2 �H�U�U�R�U�� �,�Q �)�L�J�� �������� �Z�H �O�R�R�N �D�W �W�K�H �V�F�D�O�L�Q�J �R�E�W�D�L�Q�H�G �Z�K�H�Q �U�H�S�U�H�V�H�Q�W�L�Q�J
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�)�L�H�O�G"L 2 = 10 � 6 "L 2 = 10 � 4 "L 2 = 10 � 2

p � � 0:256 � � 0:219 � � 0:159
u � � 0:292 � � 0:265 � � 0:192
v � � 0:304 � � 0:277 � � 0:235
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�I�U�R�P �>���@ �Z�K�H�U�H �Z�R�U�N �K�D�V �E�H�H�Q �G�R�Q�H �R�Q �W�X�U�E�X�O�H�Q�W �'�-���'�7 �I�O�R�Z�V�� �W�K�H�\ �R�E�V�H�U�Y�H�G �W�K�D�W �L�Q �W�K�H�L�U �S�D�U�W�L�F�X�O�D�U �H�[�D�P�S�O�H�� �W�K�H
�E�R�Q�G �G�L�P�H�Q�V�L�R�Q �V�D�W�X�U�D�W�H�G �D�I�W�H�U �5�H> 104�� �)�X�U�W�K�H�U �V�W�X�G�L�H�V �D�U�H �Q�H�F�H�V�V�D�U�\ �W�R �G�H�W�H�U�P�L�Q�H �Z�K�H�W�K�H�U �W�K�L�V �E�H�K�D�Y�L�R�U �D�O�V�R
�D�S�S�O�L�H�V �W�R �R�X�U �F�D�V�H�� �1�H�Y�H�U�W�K�H�O�H�V�V�� �L�W �L�V �U�H�P�D�U�N�D�E�O�H �W�K�D�W �0�3�6 �D�O�U�H�D�G�\ �V�K�R�Z �V�R�P�H �S�U�R�P�L�V�H �L�Q �W�K�L�V �V�L�P�S�O�H �H�[�D�P�S�O�H
�D�Q�G �L�Q �6�H�F�W�L�R�Q ������������ �Z�H �Z�L�O�O �F�R�Q�W�L�Q�X�H �W�K�H �G�L�V�F�X�V�V�L�R�Q �R�Q �W�K�H �D�G�Y�D�Q�W�D�J�H �R�I �P�H�P�R�U�\���H�I�I�L�F�L�H�Q�W �D�O�J�R�U�L�W�K�P��
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�U�H�V�H�Q�W�L�Q�J �W�K�H �G�L�I�I�H�U�H�Q�W�L�D�O �R�S�H�U�D�W�R�U�V�� �$�F�F�R�U�G�L�Q�J�O�\�� �)�L�J�� �������D�� �L�O�O�X�V�W�U�D�W�H�V �W�K�H �E�R�Q�G �G�L�P�H�Q�V�L�R�Q �R�I �W�K�H �F�X�U�Y�L�O�L�Q�H�D�U �R�S��
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�$�V �L�W �L�V �H�Y�L�G�H�Q�W �L�Q �W�K�L�V �I�L�J�X�U�H�� �W�K�H �J�H�Q�H�U�D�O�L�]�H�G �R�S�H�U�D�W�R�U�V �U�H�T�X�L�U�H �D �F�R�P�S�D�U�D�E�O�H �E�R�Q�G �G�L�P�H�Q�V�L�R�Q�� �L�Q�F�U�H�D�V�L�Q�J �R�Q�O�\
�V�O�L�J�K�W�O�\ �I�R�U �O�D�U�J�H�U �J�U�L�G �V�L�]�H�V�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �Q�X�P�E�H�U �R�I �1�9�3�6 �R�I �W�K�H �0�3�6 �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q ���1�9�3�6�0�3�6�� �H�[�K�L�E�L�W�V
�D �U�H�P�D�U�N�D�E�O�H �U�H�G�X�F�W�L�R�Q �± �X�S �W�R �W�K�U�H�H �R�U�G�H�U�V �R�I �P�D�J�Q�L�W�X�G�H �± �F�R�P�S�D�U�H�G �W�R �W�K�H �F�R�Q�Y�H�Q�W�L�R�Q�D�O �V�S�D�U�V�H �P�D�W�U�L�[ �U�H�S�U�H�V�H�Q��
�W�D�W�L�R�Q ���F�I�� �)�L�J�� ������ ���E������ �)�R�U �W�K�L�V �F�R�P�S�D�U�L�V�R�Q�� �Z�H �F�R�Q�V�L�G�H�U �D �V�S�D�U�V�H �P�D�W�U�L�[ �V�L�]�H �R�I �1�9�3�6�)�' = 5N �W�K�D�W �U�H�S�U�H�V�H�Q�W�V
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�L�Q�F�U�H�D�V�H�V�� �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �W�L�P�H �I�R�U �W�K�H �0�3�6 �V�L�P�X�O�D�W�L�R�Q�V �V�K�R�Z�V �D �F�R�Q�V�W�D�Q�W �O�L�Q�H�D�U �J�U�R�Z�W�K �U�D�W�H�� �R�Q�O�\ �U�H�V�X�O�W�L�Q�J
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�I�U�D�P�H�Z�R�U�N �L�Q�W�U�R�G�X�F�H�G �L�Q �6�H�F�W�L�R�Q ������������ �7�K�H �P�D�S�S�L�Q�J �I�U�R�P �J�U�L�G �V�L�]�H �W�R �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �5�H �X�V�H�G �L�Q �R�X�U �5�D�\�O�H�L�J�K�±
�%�p�Q�D�U�G �W�H�V�W�V �L�V �O�L�V�W�H�G �L�Q �7�D�E�O�H ������ �D�G�R�S�W�H�G �I�U�R�P �W�K�H �V�X�S�S�O�H�P�H�Q�W�D�O �P�D�W�H�U�L�D�O �R�I �>���@�� �Z�K�H�U�H �W�K�H �J�U�L�G �L�V �F�K�R�V�H�Q �W�R
�U�H�V�R�O�Y�H �W�K�H�U�P�D�O �D�Q�G �N�L�Q�H�W�L�F �E�R�X�Q�G�D�U�\ �O�D�\�H�U�V�� �7�K�H�U�H�� �J�U�L�G�±�5�D�\�O�H�L�J�K���Q�X�P�E�H�U �S�D�L�U�V �D�U�H �S�U�R�Y�L�G�H�G �I�R�U �3�U�D�Q�G�W�O �Q�X�P�E�H�U
�3�U= 1 �� �Z�K�L�F�K �L�V �D�O�V�R �X�V�H�G �L�Q �W�K�H �S�U�H�V�H�Q�W �V�W�X�G�\�� �6�L�Q�F�H �5�D= �5�H2 �D�W �3�U= 1 �� �W�K�H �S�K�\�V�L�F�D�O�O�\ �P�R�W�L�Y�D�W�H�G �J�U�L�G �V�F�D�O�L�Q�J
�L�Q �W�H�U�P�V �R�I �5�H �L�V �G�L�U�H�F�W�O�\ �L�Q�K�H�U�L�W�H�G �I�U�R�P �W�K�H �E�R�X�Q�G�D�U�\ �O�D�\�H�U �U�H�V�R�O�X�W�L�R�Q �U�H�T�X�L�U�H�P�H�Q�W�V �R�I �>���@�� �)�U�R�P �W�K�H�V�H �S�D�L�U�V �Z�H
�U�H�D�G �R�X�W �W�K�H �J�U�L�G�±�J�U�R�Z�W�K �H�[�S�R�Q�H�Q�W �D�V� � 1:2�� �)�R�U �H�D�F�K(Re; N ) �L�Q �7�D�E�O�H �������� �Z�H �U�X�Q �D �F�O�D�V�V�L�F�D�O �)�' �'�1�6 �W�R
�D ���V�W�D�W�L�V�W�L�F�D�O�O�\�� �V�W�H�D�G�\ �V�W�D�W�H�� �H�Q�F�R�G�H �W�K�H �I�L�Q�D�O �W�H�P�S�H�U�D�W�X�U�H �I�L�H�O�G� �D�V �D�Q �0�3�6�� �D�Q�G �G�H�W�H�U�P�L�Q�H �W�K�H �U�H�T�X�L�U�H�G �E�R�Q�G
�G�L�P�H�Q�V�L�R�Q� �U�H�T�X�L�U�H�G �W�R �P�H�H�W �D �S�U�H�V�F�U�L�E�H�G �U�H�O�D�W�L�Y�HL 2 �H�U�U�R�U"L 2 �� �7�K�H �U�H�V�X�O�W�L�Q�J� ���Y�H�U�V�X�V���5�H �F�X�U�Y�H�V �D�U�H �V�K�R�Z�Q �L�Q
�)�L�J�� ���������� �D�Q�G �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �I�L�W�W�H�G �H�[�S�R�Q�H�Q�W�V� �L�Q �W�K�H �U�H�O�D�W�L�R�Q� � Re� �D�U�H �V�X�P�P�D�U�L�]�H�G �L�Q �7�D�E�O�H ��������

�%�D�V�H�G �R�Q �W�K�H �F�U�L�W�H�U�L�D �R�I �6�H�F�W�L�R�Q ������������ �D�Q �D�V�\�P�S�W�R�W�L�F �U�X�Q�W�L�P�H �D�G�Y�D�Q�W�D�J�H �U�H�T�X�L�U�H�V� < � /3 = 0 :4�� �Z�K�L�F�K �L�V
�Q�R�W �V�D�W�L�V�I�L�H�G �E�\ �W�K�H �I�L�W�W�H�G �Y�D�O�X�H�V �L�Q �7�D�E�O�H �������� �$�Q �D�V�\�P�S�W�R�W�L�F �P�H�P�R�U�\ �D�G�Y�D�Q�W�D�J�H �U�H�T�X�L�U�H�V� < � /2 = 0 :6�� �7�K�L�V �L�V
�V�D�W�L�V�I�L�H�G �I�R�U"L 2 = 10 � 4 �D�Q�G"L 2 = 10 � 2�� �E�X�W� �M�X�V�W �P�H�H�W�V �W�K�H �P�L�Q�L�P�X�P �W�K�U�H�V�K�R�O�G �D�W"L 2 = 10 � 6��

�)�L�J�X�U�H �����������&�R�P�S�D�U�L�V�R�Q �R�I �W�K�H �U�H�T�X�L�U�H�G �E�R�Q�G �G�L�P�H�Q�V�L�R�Q�V �W�R �D�F�K�L�H�Y�H �D �J�L�Y�H�Q� L 2 �L�Q �W�K�H �I�L�H�O�G� ��

"L 2 1:00� 10� 6 1:00� 10� 4 1:00� 10� 2

� 0:60 0:55 0:48

�7�D�E�O�H ���������)�L�W�W�H�G �Y�D�O�X�H�V �R�I �V�F�D�O�L�Q�J �H�[�S�R�Q�H�Q�W� �L�Q� � Re� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �G�L�I�I�H�U�H�Q�W" L 2 �W�K�U�H�V�K�R�O�G�V �L�Q �W�K�H �W�H�P�S�H�U�D�W�X�U�H �I�L�H�O�G��

�)�L�J�X�U�H �����������(�Y�D�O�X�D�W�L�R�Q �R�I �W�K�H �F�R�P�S�X�W�H�G �H�[�S�R�Q�H�Q�W� �� �J�U�H�H�Q �F�R�O�R�U �L�Q�G�L�F�D�W�H�V �W�K�D�W �W�K�H �0�3�6 �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �K�D�V �D�Q �D�G�Y�D�Q�W�D�J�H��
�U�H�G �F�R�O�R�U �L�Q�G�L�F�D�W�H�V �W�K�D�W �W�K�H �0�3�6 �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �G�R�H�V �Q�R�W �V�K�R�Z �D �E�H�Q�H�I�L�W�� �Z�K�L�O�H �\�H�O�O�R�Z �P�H�D�Q�V �W�K�D�W �W�K�H �0�3�6 �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �L�V
�F�R�P�S�D�U�D�E�O�H �W�R �)�'��

�,�Q �W�K�L�V �I�O�R�Z �U�H�J�L�P�H�� �Z�H �H�[�S�H�F�W �W�R �R�E�V�H�U�Y�H �D �W�U�D�Q�V�L�W�L�R�Q �I�U�R�P �O�D�P�L�Q�D�U �W�R �W�X�U�E�X�O�H�Q�W �I�O�R�Z�� �%�D�V�H�G �R�Q �R�X�U �V�F�D�O�L�Q�J
�D�Q�D�O�\�V�L�V�� �Z�H �Q�R�W�H �W�K�D�W �L�W �E�H�F�R�P�H�V �G�L�I�I�L�F�X�O�W �W�R �R�E�W�D�L�Q �D �U�X�Q�W�L�P�H �D�G�Y�D�Q�W�D�J�H �I�R�U �W�K�H �0�D�W�U�L�[���9�H�F�W�R�U �P�X�O�W�L�S�O�L�F�D�W�L�R�Q
���0�D�W�Y�H�F�� �R�S�H�U�D�W�L�R�Q�� �)�X�U�W�K�H�U�P�R�U�H�� �Z�L�W�K�L�Q �W�K�H �L�Q�Y�H�V�W�L�J�D�W�H�G �U�D�Q�J�H(�5�H� 104)�� �Z�H �R�E�V�H�U�Y�H �Q�R �V�D�W�X�U�D�W�L�R�Q �R�I �W�K�H
�E�R�Q�G �G�L�P�H�Q�V�L�R�Q� �� �L�Q�V�W�H�D�G�� �W�K�H �G�D�W�D �F�O�R�V�H�O�\ �I�R�O�O�R�Z �D �S�R�Z�H�U �O�D�Z�� �:�H �K�D�Y�H �W�R �V�W�U�H�V�V �W�K�D�W �Z�H �I�R�F�X�V �R�X�U �V�W�X�G�\ �R�Q
�W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �F�R�P�S�U�H�V�V�L�R�Q �R�I �'�1�6 �I�L�H�O�G�V�� �Z�K�H�U�H �Z�H �O�L�P�L�W �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �H�U�U�R�U �W�R �D �I�L�[�H�G �W�R�O�H�U�D�Q�F�H�� �:�K�L�O�H
�W�K�L�V �D�Q�D�O�\�V�L�V �V�K�R�Z�H�G �W�K�D�W �W�K�H �U�H�T�X�L�U�H�G �E�R�Q�G �G�L�P�H�Q�V�L�R�Q� �F�R�Q�W�L�Q�X�H�V �W�R �J�U�R�Z ���I�R�O�O�R�Z�L�Q�J �D �S�R�Z�H�U �O�D�Z�� �U�D�W�K�H�U �W�K�D�Q
�V�D�W�X�U�D�W�L�Q�J�� �L�W �R�Q�O�\ �U�H�S�U�H�V�H�Q�W�V �W�K�H �F�R�V�W �R�I �F�R�P�S�U�H�V�V�L�Q�J �D �V�L�Q�J�O�H �V�Q�D�S�V�K�R�W �L�Q �W�L�P�H�� �$�Q �D�F�W�X�D�O �Q�X�P�H�U�L�F�D�O �V�L�P�X�O�D�W�L�R�Q
�L�Q�Y�R�O�Y�H�V �D �W�L�P�H �H�Y�R�O�X�W�L�R�Q�� �D�Q�G �L�W �L�V �S�R�V�V�L�E�O�H �W�K�D�W �W�K�H �0�3�6 �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �H�Y�H�Q �Z�L�W�K �P�R�G�H�V�W� �� �F�D�Q �V�W�L�O�O �I�D�L�W�K�I�X�O�O�\

�7�K�L�V �S�U�R�M�H�F�W �U�H�F�H�L�Y�H�V �I�X�Q�G�L�Q�J �I�U�R�P �W�K�H �(�X�U�R�S�H�D�Q �8�Q�L�R�Q�¶�V �+�R�U�L�]�R�Q �������� �� �+�R�U�L�]�R�Q �(�X�U�R�S�H
�U�H�V�H�D�U�F�K �D�Q�G �L�Q�Q�R�Y�D�W�L�R�Q �D�F�W�L�R�Q�V �S�U�R�J�U�D�P�P�H �X�Q�G�H�U �*�U�D�Q�W �$�J�U�H�H�P�H�Q�W ��������������������������



�F�D�S�W�X�U�H �W�K�H �H�V�V�H�Q�W�L�D�O �I�O�R�Z �I�H�D�W�X�U�H�V �D�Q�G �S�K�\�V�L�F�V �Z�K�H�Q �L�Q�W�H�J�U�D�W�H�G �R�Y�H�U �W�L�P�H�� �)�X�O�O �0�3�6 �V�L�P�X�O�D�W�L�R�Q�V �D�U�H �Q�R�Z �Q�H�F�H�V�V�D�U�\
�D�Q�G �D�U�H �F�X�U�U�H�Q�W�O�\ �E�H�L�Q�J �F�R�Q�G�X�F�W�H�G �W�R �H�V�W�L�P�D�W�H �W�K�H �U�H�T�X�L�U�H�G �E�R�Q�G �G�L�P�H�Q�V�L�R�Q�V �Q�H�H�G�H�G �W�R �D�F�F�X�U�D�W�H�O�\ �S�U�H�G�L�F�W �N�H�\ �V�\�V�W�H�P
�U�H�V�S�R�Q�V�H�V�� �V�X�F�K �D�V �W�K�H �1�X�V�V�H�O�W �Q�X�P�E�H�U�� �Z�K�L�F�K �W�H�Q�G�V �W�R �E�H �D�F�F�X�P�X�O�D�W�H�G �D�V �D �W�L�P�H �D�Y�H�U�D�J�H �I�U�R�P �D �O�D�U�J�H�U �Q�X�P�E�H�U �R�I
�V�L�P�X�O�D�W�L�R�Q�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V�� �)�X�U�W�K�H�U �L�Q�Y�H�V�W�L�J�D�W�L�R�Q �L�V �U�H�T�X�L�U�H�G�� �K�R�Z�H�Y�H�U�� �W�R �I�X�O�O�\ �F�R�Q�I�L�U�P �W�K�L�V��

�5�H�O�D�W�H�G �Z�R�U�N �E�\ �+�|�O�V�F�K�H�U�H�W �D�O���>���@ �R�Q �W�X�U�E�X�O�H�Q�W �'�-���'�7 �I�O�R�Z �Z�L�W�K �S�H�U�L�R�G�L�F �E�R�X�Q�G�D�U�L�H�V �U�H�S�R�U�W�V �V�L�P�L�O�D�U �S�R�Z�H�U��
�O�D�Z �E�H�K�D�Y�L�R�U �I�R�U �5�H. 104 �G�H�P�D�Q�G �D �V�X�E�V�H�T�X�H�Q�W �G�H�Y�L�D�W�L�R�Q �I�U�R�P �S�R�Z�H�U �O�D�Z �Z�L�W�K �H�Y�H�Q�W�X�D�O �V�D�W�X�U�D�W�L�R�Q �R�I �W�K�H �U�H�T�X�L�U�H�G
� �D�W �K�L�J�K�H�U �5�H�� �$�F�F�R�U�G�L�Q�J�O�\�� �Z�H �F�D�Q�Q�R�W �H�[�F�O�X�G�H �W�K�D�W� �P�D�\ �X�O�W�L�P�D�W�H�O�\ �V�D�W�X�U�D�W�H �K�H�U�H �D�V �Z�H�O�O�� �Z�K�L�F�K �F�R�X�O�G �R�S�H�Q �W�K�H
�G�R�R�U �W�R �D�Q �D�G�Y�D�Q�W�D�J�H �E�H�\�R�Q�G �W�K�H �D�U�L�W�K�P�H�W�L�F���L�Q�W�H�Q�V�L�W�\ �J�D�L�Q�V �G�L�V�F�X�V�V�H�G �O�D�W�H�U �I�R�U �0�3�6��

�����������&�D�V�H �6�W�X�G�\ �,�,�,�� �)�O�R�Z �L�Q �D�Q �6���%�H�Q�G

�7�K�L�V �V�H�F�W�L�R�Q �H�[�D�P�L�Q�H�V �W�K�H �I�O�R�Z �L�Q �D�Q �6���E�H�Q�G �I�R�U�P�H�G �E�\ �W�Z�R �F�R�Q�V�H�F�X�W�L�Y�H �E�H�Q�G�V�� �D�V �G�H�I�L�Q�H�G �L�Q �W�K�H �L�Q�L�W�L�D�O �U�H�V�H�D�U�F�K
�S�U�R�S�R�V�D�O�¶�V �F�D�V�H �V�W�X�G�L�H�V�� �7�K�H �V�H�W�X�S �L�V �L�O�O�X�V�W�U�D�W�H�G �L�Q �)�L�J�� ���������� �7�K�H �F�R�P�S�D�U�L�V�R�Q �L�V �E�H�W�Z�H�H�Q �0�3�6 �D�Q�G �U�H�I�H�U�H�Q�F�H �G�D�W�D
�J�H�Q�H�U�D�W�H�G �Y�L�D �W�K�H �I�L�Q�L�W�H �Y�R�O�X�P�H �P�H�W�K�R�G�� �L�P�S�O�H�P�H�Q�W�H�G �L�Q �W�K�H �L�Q�G�X�V�W�U�\���V�W�D�Q�G�D�U�G �+�(�/�<�; �W�R�R�O�E�R�[ ���(�Q�J�\�V�� �>���@��

�)�L�J�X�U�H �����������6���E�H�Q�G �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q �����[������ �7�K�H �I�O�X�L�G �G�R�P�D�L�Q �L�V �D�Q �6���V�K�D�S�H�G �G�X�F�W �I�R�U�P�H�G �E�\ �W�Z�R �F�R�Q�V�H�F�X�W�L�Y�H �E�H�Q�G�V��
�$�W �W�K�H �L�Q�O�H�W�� �D �O�D�P�L�Q�D�U �3�R�L�V�H�X�L�O�O�H ���S�D�U�D�E�R�O�L�F�� �S�U�R�I�L�O�H �L�V �S�U�H�V�F�U�L�E�H�G �Z�L�W�Kumax = 1 ��

N = Nx � Ny ���� � ������ ������������ ����� ������ �������������� ������� ������ ��������������
�5�H ���� ������ ��������

�7�D�E�O�H ���������6�X�P�P�D�U�\ �R�I �J�U�L�G �V�L�]�HN �Z�L�W�K �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �5�H

�,�Q �W�K�L�V �V�W�X�G�\�� �Z�H �F�R�Q�V�L�G�H�U �W�K�H �V�L�Q�J�O�H���E�H�Q�G �F�R�Q�I�L�J�X�U�D�W�L�R�Q �G�H�V�F�U�L�E�H�G �L�Q �'�H�O�L�Y�H�U�D�E�O�H ������ �>�����@ �D�Q�G �D�Q�D�O�\�]�H �W�K�H
�F�R�Q�Y�H�U�J�H�G �V�W�H�D�G�\ ���V�W�D�W�L�R�Q�D�U�\�� �I�O�R�Z �R�Y�H�U �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V �5�H2 [10; 103]�� �7�K�H �S�U�R�E�O�H�P �L�V �G�L�V�F�U�H�W�L�]�H�G �R�Q �W�K�U�H�H
�V�X�F�F�H�V�V�L�Y�H�O�\ �U�H�I�L�Q�H�G �J�U�L�G�V �V�K�R�Z�Q �L�Q �7�D�E�O�H �������²�F�R�D�U�V�H ��32� 128���� �P�H�G�L�X�P ��64� 256���� �D�Q�G �I�L�Q�H ��128� 512���²�Z�L�W�K
�W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �F�H�O�O�VN = Ny Nx ���Z�K�H�U�HNy �D�Q�GNx �G�H�Q�R�W�H �W�K�H �F�R�X�Q�W�V �L�Qy���G�L�U�H�F�W�L�R�Q �D�Q�Gx���G�L�U�H�F�W�L�R�Q�� �U�H�V�S�H�F��
�W�L�Y�H�O�\���� �7�K�H �J�U�L�G���5�H �F�R�P�E�L�Q�D�W�L�R�Q�V �D�U�H �F�K�R�V�H�Q �V�X�F�K �W�K�D�W �I�R�U �H�Y�H�U�\ �R�U�G�H�U���R�I���P�D�J�Q�L�W�X�G�H �L�Q�F�U�H�D�V�H �L�Q �5�H�� �W�K�H �J�U�L�G �F�R�X�Q�W
�G�R�X�E�O�H�V �L�Q �H�D�F�K �V�S�D�W�L�D�O �G�L�U�H�F�W�L�R�Q�� �\�L�H�O�G�L�Q�J �D �J�U�L�G���J�U�R�Z�W�K �H�[�S�R�Q�H�Q�W� = �O�R�J10(4) � 0:60�� �6�L�Q�F�H� �D�Q�G� �D�U�H �F�R�X�S�O�H�G
�W�K�U�R�X�J�K �W�K�H �J�U�L�G�� �D �G�L�I�I�H�U�H�Q�W �J�U�L�G �D�W �H�D�F�K �5�H �F�K�D�Q�J�H�V �W�K�H �U�H�V�R�O�Y�H�G �I�L�H�O�G �V�W�U�X�F�W�X�U�H �D�Q�G �K�H�Q�F�H �S�R�W�H�Q�W�L�D�O�O�\ �W�K�H �E�R�Q�G
�G�L�P�H�Q�V�L�R�Q�� �W�K�H �H�[�S�R�Q�H�Q�W�V �U�H�S�R�U�W�H�G �K�H�U�H �D�U�H �V�H�O�I���F�R�Q�V�L�V�W�H�Q�W �I�R�U �W�K�H �S�U�H�V�H�Q�W �F�K�R�L�F�H �R�I �J�U�L�G�V�� �,�Q �I�X�W�X�U�H �L�Q�Y�H�V�W�L�J�D�W�L�R�Q�V��
�J�U�L�G�V �F�R�X�O�G �E�H �V�H�O�H�F�W�H�G �E�D�V�H�G �R�Q �S�K�\�V�L�F�D�O �U�H�V�R�O�X�W�L�R�Q �U�H�T�X�L�U�H�P�H�Q�W�V ���H���J�� �E�R�X�Q�G�D�U�\ �O�D�\�H�U �V�F�D�O�L�Q�J� � �5�H� 1/2 ���� �D�Q�G
�E�R�W�K� �D�Q�G� �U�H�F�R�P�S�X�W�H�G �V�H�O�I���F�R�Q�V�L�V�W�H�Q�W�O�\�� �7�K�H �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W�Vu �D�Q�Gv �R�I �W�K�H �V�W�H�D�G�\ �V�W�D�W�H �D�U�H �W�K�H�Q �F�R�Q�Y�H�U�W�H�G
�L�Q�W�R �D�Q �0�3�6�� �)�L�J�� �������� �W�K�H�U�H�I�R�U�H �T�X�D�Q�W�L�I�L�H�V �W�K�H �F�R�P�S�U�H�V�V�L�E�L�O�L�W�\ �E�\ �W�K�H� �Q�H�H�G�H�G �W�R �U�H�D�F�K �D �I�L�[�H�G �I�L�G�H�O�L�W�\ �R�Q �W�K�H �V�S�H�F��
�L�I�L�H�G �J�U�L�G�� �:�H �H�[�S�H�F�W �P�R�V�W �R�I �W�K�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�D�O �F�R�P�S�O�H�[�L�W�\ �W�R �E�H �O�R�F�D�O�L�]�H�G �L�Q �D�Q�G �D�U�R�X�Q�G �W�K�H �E�H�Q�G�V ���Q�H�D�U �W�K�H
�R�X�W�H�U���L�Q�Q�H�U �Z�D�O�O�V �D�Q�G �L�Q �W�K�H �M�X�Q�F�W�L�R�Q �E�H�W�Z�H�H�Q �E�H�Q�G�V�� �Z�K�H�U�H �F�X�U�Y�D�W�X�U�H �L�Q�G�X�F�H�V �F�U�R�V�V���V�W�U�H�D�P �'�H�D�Q �Y�R�U�W�L�F�H�V�� �V�W�U�R�Q�J
�V�K�H�D�U�� �D�Q�G �S�R�V�V�L�E�O�\ �V�H�S�D�U�D�W�L�R�Q�� �W�K�H�V�H �U�H�J�L�R�Q�V �D�U�H �H�[�S�H�F�W�H�G �W�R �G�U�L�Y�H �W�K�H �U�H�T�X�L�U�H�G �0�3�6 �E�R�Q�G �G�L�P�H�Q�V�L�R�Q� �� �8�S�V�W�U�H�D�P
�D�Q�G �I�D�U �G�R�Z�Q�V�W�U�H�D�P �W�K�H �I�L�H�O�G�V �D�U�H �V�P�R�R�W�K�H�U �D�Q�G �V�K�R�X�O�G �E�H �H�D�V�L�H�U �W�R �U�H�S�U�H�V�H�Q�W �L�Q �W�K�H �0�3�6 �I�R�U�P�D�W��

�6�F�D�O�L�Q�J �$�Q�D�O�\�V�L�V �R�I �6���%�H�Q�G �)�O�R�Z

�6�H�F�W�L�R�Q ������������ �D�Q �D�V�\�P�S�W�R�W�L�F �U�X�Q�W�L�P�H �D�G�Y�D�Q�W�D�J�H �U�H�T�X�L�U�H�V� < � /3 � 0:2�� �Z�K�L�F�K �L�V �V�D�W�L�V�I�L�H�G �E�\ �D�O�O �I�L�W�W�H�G �Y�D�O�X�H�V �L�Q
�7�D�E�O�H ������ �H�[�F�H�S�W �I�R�U �W�K�Hu���I�L�H�O�G �D�W"F = 10 � 10�� �$�Q �D�V�\�P�S�W�R�W�L�F �P�H�P�R�U�\ �D�G�Y�D�Q�W�D�J�H �U�H�T�X�L�U�H�V� < � /2 � 0:3�� �Z�K�L�F�K
�L�V �V�D�W�L�V�I�L�H�G �E�\ �D�O�O �I�L�W�W�H�G �Y�D�O�X�H�V �H�[�F�H�S�W �I�R�U �W�K�Hu���I�L�H�O�G �D�W"F = 10 � 10�� �%�D�V�H�G �R�Q �W�K�L�V �V�F�D�O�L�Q�J �D�Q�D�O�\�V�L�V �L�Q �7�D�E�O�H ����������
�Z�H �F�R�Q�F�O�X�G�H �W�K�D�W �W�K�H �6���E�H�Q�G �J�H�R�P�H�W�U�\ �U�H�S�U�H�V�H�Q�W�V �D �V�X�L�W�D�E�O�H �F�D�Q�G�L�G�D�W�H �I�R�U �I�X�W�X�U�H �L�Q�Y�H�V�W�L�J�D�W�L�R�Q��

�7�K�L�V �S�U�R�M�H�F�W �U�H�F�H�L�Y�H�V �I�X�Q�G�L�Q�J �I�U�R�P �W�K�H �(�X�U�R�S�H�D�Q �8�Q�L�R�Q�¶�V �+�R�U�L�]�R�Q �������� �� �+�R�U�L�]�R�Q �(�X�U�R�S�H
�U�H�V�H�D�U�F�K �D�Q�G �L�Q�Q�R�Y�D�W�L�R�Q �D�F�W�L�R�Q�V �S�U�R�J�U�D�P�P�H �X�Q�G�H�U �*�U�D�Q�W �$�J�U�H�H�P�H�Q�W ��������������������������



�)�L�J�X�U�H �����������6�W�D�W�H �I�L�G�H�O�L�W�\ �D�Q�D�O�\�V�L�V �I�R�U �J�L�Y�H�Q �I�L�G�H�O�L�W�\ �W�K�U�H�V�K�R�O�G �I�R�U �G�L�I�I�H�U�H�Q�W �5�H�� �R�Q �G�L�I�I�H�U�H�Q�W �J�U�L�G �V�L�]�H ���F�R�D�U�V�H �W�R �I�L�Q�H �J�U�L�G���� ���D��
�V�K�R�Z�Vu�� �W�K�H �K�R�U�L�]�R�Q�W�D�O �F�R�P�S�R�Q�H�Q�W �R�I �W�K�H �I�O�X�L�G �I�L�H�O�G �D�Q�G ���E�� �V�K�R�Z�Vv�� �W�K�H �Y�H�U�W�L�F�D�O �F�R�P�S�R�Q�H�Q�W �R�I �W�K�H �I�O�X�L�G �I�L�H�O�G��

�)�L�H�O�G"F = 10 � 10 "F = 10 � 8 "F = 10 � 6

u � � 0:315 � � 0:124 � � 0:122
v � � 0:165 � � 0:073 � � 0:081

�7�D�E�O�H ���������6�F�D�O�L�Q�J �I�L�W�V� � �5�H� �D�W �I�L�[�H�G" F ��

�)�L�J�X�U�H �����������(�Y�D�O�X�D�W�L�R�Q �R�I �W�K�H �F�R�P�S�X�W�H�G �H�[�S�R�Q�H�Q�W� �� �J�U�H�H�Q �F�R�O�R�U �L�Q�G�L�F�D�W�H�V �W�K�D�W �W�K�H �0�3�6 �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �K�D�V �D�Q �D�G�Y�D�Q�W�D�J�H��

�����������'�L�V�F�X�V�V�L�R�Q

�2�X�U �D�Q�D�O�\�V�L�V �V�K�R�Z�V �W�K�D�W �W�K�H �H�I�I�L�F�L�H�Q�F�\ �R�I �W�K�H �7�1 �I�U�D�P�H�Z�R�U�N �L�V �K�L�J�K�O�\ �S�U�R�E�O�H�P���V�S�H�F�L�I�L�F�� �Z�L�W�K �S�H�U�I�R�U�P�D�Q�F�H �D�G�Y�D�Q��
�W�D�J�H�V �Y�D�U�\�L�Q�J �V�X�E�V�W�D�Q�W�L�D�O�O�\ �D�F�U�R�V�V �W�K�H �O�D�P�L�Q�D�U�� ���W�U�D�Q�V�L�W�L�R�Q �W�R�Z�D�U�G�V �T�X�D�V�L�� �W�X�U�E�X�O�H�Q�W�� �D�Q�G �L�Q�G�X�V�W�U�L�D�O �X�V�H���F�D�V�H�V�� �$
�N�H�\ �I�L�Q�G�L�Q�J �L�V �W�K�D�W �W�K�H �V�F�D�O�L�Q�J �R�I �W�K�H �U�H�T�X�L�U�H�G� �Z�L�W�K �5�H �G�H�S�H�Q�G�V �R�Q �W�K�H �F�K�R�V�H�Q �D�F�F�X�U�D�F�\" �� �$ �O�H�V�V �V�W�U�L�F�W �W�R�O�H�U�D�Q�F�H
�F�R�Q�V�L�V�W�H�Q�W�O�\ �U�H�V�X�O�W�V �L�Q �D �P�R�U�H �I�D�Y�R�U�D�E�O�H �S�R�Z�H�U���O�D�Z �Z�L�W�K �D �V�P�D�O�O�H�U �V�O�R�S�H�� �1�R�W�D�E�O�\�� �I�R�U �D�O�O �W�K�U�H�H �E�H�Q�F�K�P�D�U�N�V�� �W�K�H
�U�H�T�X�L�U�H�G� �I�R�O�O�R�Z�V �D �S�R�Z�H�U���O�D�Z�� �:�H �K�D�Y�H �Q�R�W �\�H�W �R�E�V�H�U�Y�H�G �D �V�D�W�X�U�D�W�L�R�Q �L�Q� �� �Z�K�H�U�H �L�W�V �J�U�R�Z�W�K �Z�R�X�O�G �O�H�Y�H�O �R�I�I
�G�H�V�S�L�W�H �L�Q�F�U�H�D�V�L�Q�J �S�U�R�E�O�H�P �F�R�P�S�O�H�[�L�W�\�� �+�R�Z�H�Y�H�U�� �Z�H �D�Q�W�L�F�L�S�D�W�H �W�K�D�W �L�Q ���' �V�L�P�X�O�D�W�L�R�Q�V�� �V�X�F�K �V�D�W�X�U�D�W�L�R�Q �L�V �O�L�N�H�O�\ �W�R
�R�F�F�X�U �D�V �W�K�H �I�O�R�Z �W�U�D�Q�V�L�W�L�R�Q�V �I�X�U�W�K�H�U �L�Q�W�R �W�K�H ���T�X�D�V�L�� �W�X�U�E�X�O�H�Q�W �U�H�J�L�P�H�� �,�Q�Y�H�V�W�L�J�D�W�L�R�Q �R�I �W�K�L�V �S�K�H�Q�R�P�H�Q�R�Q �U�H�P�D�L�Q�V
�D�Q �L�P�S�R�U�W�D�Q�W �D�U�H�D �R�I �R�Q�J�R�L�Q�J �U�H�V�H�D�U�F�K�� �D�V �W�K�H �V�F�D�O�D�E�L�O�L�W�\ �R�I� �L�V �W�K�H �F�U�L�W�L�F�D�O �I�D�F�W�R�U �I�R�U �W�K�H �S�U�D�F�W�L�F�D�O �D�S�S�O�L�F�D�E�L�O�L�W�\ �R�I
�W�K�H �P�H�W�K�R�G��

�7�K�H �S�U�L�P�D�U�\ �R�E�V�W�D�F�O�H �W�R �V�F�D�O�L�Q�J �P�R�G�H�U�Q �V�L�P�X�O�D�W�L�R�Q�V �L�V �R�I�W�H�Q �Q�R�W �U�D�Z �F�R�P�S�X�W�D�W�L�R�Q�D�O �S�R�Z�H�U�� �E�X�W �W�K�H �S�U�R�K�L�E�L�W�L�Y�H
�F�R�V�W �R�I �G�D�W�D �P�R�Y�H�P�H�Q�W�� �2�X�U �Z�R�U�N �G�H�P�R�Q�V�W�U�D�W�H�V �W�K�D�W �D �7�1 �D�S�S�U�R�D�F�K �R�I�I�H�U�V �D �S�R�Z�H�U�I�X�O �V�R�O�X�W�L�R�Q �W�R �W�K�L�V �P�H�P�R�U�\��
�E�D�Q�G�Z�L�G�W�K �E�R�W�W�O�H�Q�H�F�N�� �7�K�H �F�R�U�H �R�I �W�K�H �P�H�W�K�R�G �L�V �W�R �S�H�U�I�R�U�P �W�K�H �H�Q�W�L�U�H �V�L�P�X�O�D�W�L�R�Q �Z�L�W�K�L�Q �D �F�R�P�S�U�H�V�V�H�G �V�X�E�V�S�D�F�H��
�U�H�S�O�D�F�L�Q�J �H�[�S�H�Q�V�L�Y�H �J�O�R�E�D�O �R�S�H�U�D�W�L�R�Q�V �R�Q �G�D�W�D �R�I �V�L�]�HN �Z�L�W�K �H�I�I�L�F�L�H�Q�W �O�R�F�D�O �W�H�Q�V�R�U �F�R�Q�W�U�D�F�W�L�R�Q�V�� �7�K�L�V �I�X�Q�G�D�P�H�Q�W�D�O�O�\
�D�O�W�H�U�V �W�K�H �V�F�D�O�L�Q�J �R�I �G�D�W�D �D�F�F�H�V�V�� �P�D�N�L�Q�J �L�W �G�H�S�H�Q�G�H�Q�W �R�Q �W�K�H �E�R�Q�G �G�L�P�H�Q�V�L�R�Q� �D�Q�G �Q�X�P�E�H�U �R�I �O�R�Z���U�D�Q�N �W�H�Q�V�R�U�V
�O�R�JN �� �Z�K�H�U�H� �D�F�W�V �D�V �D �G�L�U�H�F�W �F�R�Q�W�U�R�O �I�R�U �W�K�H �V�L�P�X�O�D�W�L�R�Q�¶�V �D�F�F�X�U�D�F�\�� �,�Q �S�U�D�F�W�L�F�D�O �W�H�U�P�V�� �W�K�L�V �F�R�X�O�G �S�R�W�H�Q�W�L�D�O�O�\ �U�H�G�X�F�H
�R�Y�H�U�K�H�D�G �E�H�W�Z�H�H�Q �E�H�W�Z�H�H�Q �W�K�H �P�H�P�R�U�\ �D�Q�G �&�3�8 ���R�U �*�3�8���� �D�O�O �D�W �D �F�R�Q�W�U�R�O�O�D�E�O�H �D�S�S�U�R�[�L�P�D�W�L�R�Q �H�U�U�R�U �V�H�W �E�\ �W�K�H
�F�K�R�V�H�Q� �� �+�R�Z�H�Y�H�U�� �R�X�U �P�D�L�Q �F�R�Q�F�O�X�V�L�R�Q �L�V �W�K�D�W �W�K�H �W�K�H�R�U�H�W�L�F�D�O �D�G�Y�D�Q�W�D�J�H �R�I �W�K�L�V �I�U�D�P�H�Z�R�U�N �L�V �X�O�W�L�P�D�W�H�O�\ �J�R�Y�H�U�Q�H�G
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�O�D�Q�G�V�F�D�S�H �I�O�D�W�W�H�Q�V �G�X�H �W�R �W�K�H �O�R�F�D�O �F�L�U�F�X�L�W �V�W�U�X�F�W�X�U�H �E�H�F�R�P�L�Q�J �L�Q�G�L�V�W�L�Q�J�X�L�V�K�D�E�O�H �I�U�R�P �D �U�D�Q�G�R�P �F�L�U�F�X�L�W�� �7�K�H �V�H�F�W�L�R�Q
�F�R�Q�F�O�X�G�H�V �Z�L�W�K �D �V�X�P�P�D�U�\ �R�I �W�K�H�V�H �I�L�Q�G�L�Q�J�V �D�Q�G �D�Q �R�X�W�O�R�R�N �R�Q �9�4�$ �G�H�Y�H�O�R�S�P�H�Q�W��

�����������$�P�S�O�L�W�X�G�H �(�Q�F�R�G�L�Q�J �D�Q�G �4�X�D�Q�W�X�P �1�\�T�X�L�V�W���6�K�D�Q�Q�R�Q �7�K�H�R�U�H�P

�:�H �I�L�U�V�W �G�H�V�F�U�L�E�H �K�R�Z �D �I�O�X�L�G �I�L�H�O�G �R�U �D �F�O�D�V�V�L�F�D�O �V�F�D�O�D�U �I�L�H�O�G�� �Z�K�L�F�K �P�D�S�V �D �V�S�D�W�L�D�O �S�R�L�Q�W �W�R �D �U�H�O�H�Y�D�Q�W �S�K�\�V�L�F�D�O
�Y�D�O�X�H�� �L�V �P�D�S�S�H�G �L�Q�W�R �D �T�X�D�Q�W�X�P �V�W�D�W�H�� �:�H �F�R�Q�V�L�G�H�Un �T�X�E�L�W�V �Z�L�W�K �D �O�R�F�D�O �+�L�O�E�H�U�W �V�S�D�F�H �G�L�P�H�Q�V�L�R�Q �R�I2 �V�S�D�Q�Q�H�G �E�\
�R�U�W�K�R�Q�R�U�P�D�O �F�R�P�S�X�W�D�W�L�R�Q�D�O �E�D�V�L�V �V�W�D�W�H�Vj0i �D�Q�Gj1i �� �)�R�Un �T�X�E�L�W�V�� �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �E�D�V�L�V �V�W�D�W�H�V �D�U�H �P�D�G�H �X�S �R�I �D�O�O
�W�K�H �S�R�V�V�L�E�O�H �.�U�R�Q�H�F�N�H�U �S�U�R�G�X�F�W�V �R�I �O�R�F�D�O �E�D�V�L�V �V�W�D�W�H�V�� �V�S�D�Q�Q�L�Q�J �W�K�H �I�X�O�O �+�L�O�E�H�U�W �V�S�D�F�H �R�I �G�L�P�H�Q�V�L�R�Q2n ��

�:�K�H�Q �R�Q�H �O�R�R�N�V �D�W �L�Q�G�L�Y�L�G�X�D�O �E�D�V�L�V �V�W�D�W�H�� �H���J��j0010i = j0i 
 j 0i 
 j 1i 
 j 0i �� �R�Q�H �Q�R�W�L�F�H�V �W�K�D�W �L�W �I�R�U�P�V �D �E�L�W
�V�W�U�L�Q�J �W�K�D�W �L�V �X�Q�L�T�X�H �I�R�U �H�D�F�K �F�R�P�S�X�W�D�W�L�R�Q�D�O �E�D�V�L�V �V�W�D�W�H�� �D�Q�G �L�W �U�H�S�U�H�V�H�Q�W�V �D �Q�X�P�E�H�U�� �L�Q �D �E�L�Q�D�U�\ �I�R�U�P�� �E�H�W�Z�H�H�Q0
�D�Q�G2n � 1�� �7�K�H �D�P�S�O�L�W�X�G�H �H�Q�F�R�G�L�Q�J �J�L�Y�H�V �D �R�Q�H���W�R���R�Q�H �U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �E�D�V�L�V �V�W�D�W�H �D�Q�G �H�D�F�K �S�R�L�Q�W �L�Q �W�K�H
�G�L�V�F�U�H�W�L�]�H�G �J�U�L�G�� �)�R�U �D �R�Q�H���G�L�P�H�Q�V�L�R�Q�D�O �I�L�H�O�G �G�H�I�L�Q�H�G �E�H�W�Z�H�H�Q �D�Q �L�Q�W�H�U�Y�D�Oa �D�Q�Gb�� �W�K�H �Q�D�W�X�U�D�O �D�S�S�U�R�D�F�K �L�V �W�R �K�D�Y�H
�D�Q �H�T�X�D�O �L�Q�W�H�U�Y�D�O �J�U�L�G �R�Q �S�R�L�Q�W�Vx i = a + b� a

2n i ��i 2 f 0; 1; : : : ; 2n � 1g���� �V�X�F�K �W�K�D�W �I�L�H�O�G �Y�D�O�X�H�Vf (x i ) �D�U�H �H�Q�F�R�G�H�G
�D�V �D�Q �D�P�S�O�L�W�X�G�H �R�I �W�K�H �E�D�V�L�V �V�W�D�W�Hji 2i �� �Z�K�H�U�Hi 2 �G�H�Q�R�W�H�V �W�K�H �E�L�W �V�W�U�L�Q�J �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �E�L�Q�D�U�\ �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q
�R�Ii �� �7�K�H �U�H�V�X�O�W�L�Q�J �V�W�D�W�H �L�Vjf i /

P 2n � 1
i =0 f (x i ) ji i �Z�L�W�K �W�K�H �F�R�Q�V�W�D�Q�W �R�I �S�U�R�S�R�U�W�L�R�Q�D�O�L�W�\ �W�K�D�W �H�Q�V�X�U�H�V �W�K�H �L�Q�Q�H�U

�S�U�R�G�X�F�W �W�R �E�H1��hf jf i = 1 �� �1�D�W�X�U�D�O�O�\�� �W�K�H �L�Q�G�L�Y�L�G�X�D�O �T�X�E�L�W �F�R�Q�W�U�R�O�V �W�K�H �I�H�D�W�X�U�H�V �D�W �G�L�I�I�H�U�H�Q�W �O�H�Q�J�W�K �V�F�D�O�H�V�� �I�R�U
�W�K�L�V �G�H�O�L�Y�H�U�D�E�O�H�� �Z�H �V�H�W �D �F�R�Q�Y�H�Q�W�L�R�Q �W�K�D�W �W�K�H �I�L�U�V�W �T�X�E�L�W �F�R�Q�W�U�R�O�V �W�K�H �O�D�U�J�H�V�W �G�L�J�L�W �D�Q�G �W�K�Hn���W�K �T�X�E�L�W �W�K�H �V�P�D�O�O�H�V�W��
�)�L�Q�D�O�O�\�� �W�K�H �H�Q�F�R�G�L�Q�J �Q�D�W�X�U�D�O�O�\ �H�[�W�H�Q�G�V �W�R �H�Q�F�R�G�L�Q�J �I�L�H�O�G�V �R�Q �K�L�J�K�H�U �G�L�P�H�Q�V�L�R�Q�V�� �E�\ �G�L�V�F�U�H�W�L�]�L�Q�J �H�D�F�K �G�L�P�H�Q�V�L�R�Q
�L�Q�G�H�S�H�Q�G�H�Q�W�O�\ �D�V �G�H�V�F�U�L�E�H�G�� �)�R�U �D �V�T�X�D�U�H �O�D�W�W�L�F�H�� �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �H�[�W�H�Q�G�V �W�Rdn�� �Z�K�H�U�Hd �L�V �W�K�H �S�K�\�V�L�F�D�O �G�L�P�H�Q�V�L�R�Q
�R�I �Z�K�L�F�K �W�K�H �I�L�H�O�G �U�H�V�L�G�H�V��

�:�H �Q�R�Z �V�W�D�W�H �W�K�H �T�X�D�Q�W�X�P �1�\�T�X�L�V�W���6�K�D�Q�Q�R�Q �W�K�H�R�U�H�P �D�Q�G �V�K�R�Z �W�K�H �V�N�H�W�F�K �R�I �W�K�H �S�U�R�R�I�� �7�K�H �W�K�H�R�U�H�P �V�W�D�W�H�V
�W�K�D�W �L�Q �R�U�G�H�U �W�R �D�P�S�O�L�W�X�G�H���H�Q�F�R�G�H �D �I�L�H�O�G �W�K�D�W �R�V�F�L�O�O�D�W�H�V �Z�L�W�K �Z�D�Y�H �Q�X�P�E�H�U2�

� c
�� �R�Q�H �Q�H�H�G�V �W�K�Hn���W�K �T�X�E�L�W �W�R �U�H�S�U�H�V�H�Q�W

�7�K�L�V �S�U�R�M�H�F�W �U�H�F�H�L�Y�H�V �I�X�Q�G�L�Q�J �I�U�R�P �W�K�H �(�X�U�R�S�H�D�Q �8�Q�L�R�Q�¶�V �+�R�U�L�]�R�Q �������� �� �+�R�U�L�]�R�Q �(�X�U�R�S�H
�U�H�V�H�D�U�F�K �D�Q�G �L�Q�Q�R�Y�D�W�L�R�Q �D�F�W�L�R�Q�V �S�U�R�J�U�D�P�P�H �X�Q�G�H�U �*�U�D�Q�W �$�J�U�H�H�P�H�Q�W ��������������������������



�)�L�J�X�U�H ���������� �/�L�Q�H�D�U �T�X�D�Q�W�X�P �F�L�U�F�X�L�W �D�Q�G �L�W�V �S�D�U�D�P�H�W�H�U�L�]�D�W�L�R�Q���D�� �&�L�U�F�X�L�W �G�L�D�J�U�D�P �R�I �D�Q �L�Q�L�W�L�D�O �S�U�R�G�X�F�W �V�W�D�W�Hj0i 
 n �H�Y�R�O�Y�L�Q�J
�Y�L�D �O�R�F�D�O �L�Q�W�H�U�D�F�W�L�R�Q�V�� �G�H�S�L�F�W�H�G �E�\ �W�K�H �U�H�G �Y�H�U�W�L�F�D�O �O�L�Q�H�V �W�K�D�W �F�R�Q�Q�H�F�W �W�K�H �Z�R�U�O�G �O�L�Q�H�V �R�I �W�K�H �T�X�E�L�W�V�� �W�R�Z�D�U�G�V �W�K�H �R�X�W�S�X�W �V�W�D�W�H
j i �R�X�W�� �E�� �)�R�U �S�H�U�I�R�U�P�L�Q�J �9�4�$�� �Z�H �G�H�I�L�Q�H �D �E�O�R�F�N �R�I �O�R�F�D�O �L�Q�W�H�U�D�F�W�L�R�Q �L�V �S�D�U�D�P�H�W�H�U�L�]�H�G �E�\ �O�R�F�D�O �U�R�W�D�W�L�R�Q �J�D�W�H�V ��U(� i ) �I�R�Ui ���W�K
�S�D�U�D�P�H�W�H�U�� �D�Q�G �I�L�[�H�G �W�Z�R���T�X�E�L�W �J�D�W�H ���W�K�H �E�O�X�H �Y�H�U�W�L�F�D�O �O�L�Q�H����

�W�K�H �O�H�Q�J�W�K �V�F�D�O�H �R�I� c/ � �� �,�I �Z�H �V�H�W �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �E�R�[ �V�L�]�H �W�R �X�Q�L�W�\ ��a = 0 �D�Q�Gb = 1 ���� �R�Q�H �Q�H�H�G�V �D�W �O�H�D�V�W
q = �O�R�J2 � / � �T�X�E�L�W�V �L�Q �R�U�G�H�U �W�R �I�X�O�O�\ �U�H�V�R�O�Y�H �W�K�H �I�X�Q�F�W�L�R�Q��

�7�K�L�V �V�W�D�W�H�P�H�Q�W �F�D�Q �E�H �S�U�R�Y�H�Q �E�\ �F�R�Q�V�L�G�H�U�L�Q�J �W�K�H �W�K�H�U�P�R�G�\�Q�D�P�L�F �O�L�P�L�W ���O�L�Pn !1 �� �R�I �W�K�H �H�[�S�O�L�F�L�W �W�H�Q�V�R�U �Q�H�W�Z�R�U�N
�U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �W�K�H �I�X�Q�F�W�L�R�Qf (x) = �V�L�Q(2� / � )�� �,�Q�G�X�F�W�L�Y�H�O�\�� �W�K�H �G�H�Q�V�L�W�\ �P�D�W�U�L�[ �P�D�W�U�L�[� i �R�I �T�X�E�L�Wi �F�D�Q �E�H �V�K�R�Z�Q
�W�R �K�D�Y�H �W�K�H �I�R�O�O�R�Z�L�Q�J �I�R�U�P

� i =

0

@
2k � �V�H�F

�
2� i � 1 k

�
�V�L�Q

�
(2+2 � i � 1 )k

�
+ �W�D�Q2� i � 1 k

4k � 2 �V�L�Q2k

2k �F�R�V2� i � 1 k � �V�L�Q2k
�F�R�V2 � i � 1 k

(4k � 2 �V�L�Q2k )
2k �F�R�V2� i � 1 k � �V�L�Q2k

�F�R�V2 � i � 1 k
(4k � 2 �V�L�Q2k )

2k � �V�H�F
�
2� i � 1 k

�
�V�L�Q

�
(2 � 2� i � 1 )k

�
� �W�D�Q2� i � 1 k

4k � 2 �V�L�Q2k

1

A ; ����������

�Z�K�H�U�Hk = 2 � / � �� �)�U�R�P �W�K�H �H�[�S�U�H�V�V�L�R�Q�� �I�R�U2� i � 1k < 1�� �H�Y�H�U�\ �H�O�H�P�H�Q�W �R�I �W�K�H �U�H�G�X�F�H�G �G�H�Q�V�L�W�\ �R�S�H�U�D�W�R�U �F�R�Q�Y�H�U�J�H�V
�H�[�S�R�Q�H�Q�W�L�D�O�O�\ �W�R�Z�D�U�G�V1/2 �Z�L�W�Ki �� �Z�K�L�F�K �L�V �H�T�X�L�Y�D�O�H�Q�W �W�R �D �F�R�Q�Y�H�U�J�H�Q�F�H �W�Rj+ i h+ j / j 0i h0j + j0i h1j + j1i h0j +
j1i h1j �V�W�D�W�H�� �%�\ �U�H�D�U�U�D�Q�J�L�Q�J �W�K�H �L�Q�H�T�X�D�O�L�W�\ �Z�H �R�E�W�D�L�Q �W�K�H �W�K�U�H�V�K�R�O�G �Q�X�P�E�H�U �R�I �T�X�E�L�W�V �I�R�U �U�H�V�R�O�X�W�L�R�Q��qc(� ) =
�O�R�J2 � / � �� �J�L�Y�H�Q �L�Q �W�K�H �P�D�L�Q �W�H�[�W�� �7�K�X�V�� �E�H�\�R�Q�Gi = dqce�� �W�K�H �T�X�E�L�W �V�W�D�W�H �E�H�F�R�P�H�V �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �W�K�H �I�X�Q�F�W�L�R�Q�¶�V
�R�V�F�L�O�O�D�W�L�R�Q�V�� �P�H�D�Q�L�Q�J �T�X�E�L�Wqc �L�V �W�K�H �O�D�V�W �T�X�E�L�W �W�K�D�W �F�R�Q�W�U�L�E�X�W�H�V �W�R�Z�D�U�G�V �W�K�H �H�Q�F�R�G�L�Q�J�� �)�R�U �P�R�U�H �G�H�W�D�L�O�H�G �G�L�V�F�X�V�V�L�R�Q
�D�Q�G �S�U�R�R�I�� �F�I�� �>���@��

�7�K�H �T�X�D�Q�W�X�P �1�\�T�X�L�V�W���6�K�D�Q�Q�R�Q �W�K�H�R�U�H�P �L�P�P�H�G�L�D�W�H�O�\ �I�L�[�H�V �W�K�H �Z�L�G�W�K �R�I �W�K�H �F�L�U�F�X�L�W�� �)�R�U �W�K�H �I�O�X�L�G �G�\�Q�D�P�L�F�D�O
�V�L�P�X�O�D�W�L�R�Q�V�� �W�K�H �V�P�D�O�O�H�V�W �O�H�Q�J�W�K �V�F�D�O�H �R�I �U�H�V�R�O�X�W�L�R�Q �L�V �J�L�Y�H�Q �E�\ �W�K�H �.�R�O�P�R�J�R�U�R�Y �O�H�Q�J�W�K �V�F�D�O�H� K < 1�� �Z�K�L�F�K �V�F�D�O�H�V
�O�L�N�HO(� 3/4 ) �Z�L�W�K �W�K�H �Y�L�V�F�R�V�L�W�\� �� �L�Q�G�L�F�D�W�L�Q�J �W�K�D�W �W�K�H �F�L�U�F�X�L�W �Z�L�G�W�Kw �J�U�R�Z�V �R�Q�O�\ �O�L�N�HO(�O�R�J2

b� a
� K

) �L�Q �W�K�H �W�X�U�E�X�O�H�Q�W
�U�H�J�L�P�H �Z�K�H�U�H� K �L�V �V�P�D�O�O �L�Q �F�R�P�S�D�U�L�V�R�Q �W�R �W�K�H �E�R�[ �V�L�]�H�� �)�X�U�W�K�H�U�P�R�U�H�� �Z�H �H�V�W�L�P�D�W�H �W�K�H �U�H�T�X�L�U�H�G �G�H�S�W�K �R�I �W�K�H �F�L�U�F�X�L�W
�I�R�U �F�D�S�W�X�U�L�Q�J �W�K�H �N�H�\ �S�U�R�S�H�U�W�L�H�V �R�I �W�K�H �I�L�H�O�G�V�� �&�D�S�W�X�U�L�Q�J� ���S�R�L�Q�W �F�R�U�U�H�O�D�W�R�U�V�� �U�H�S�U�H�V�H�Q�W�H�G �E�\ �W�K�H �V�W�U�X�F�W�X�U�H �I�X�Q�F�W�L�R�Q�V��
�U�H�T�X�L�U�H�V�� �D�W �Z�R�U�V�WO(� 10w2) �Y�D�U�L�D�W�L�R�Q�D�O �S�D�U�D�P�H�W�H�U�V �>�����@ �I�R�U �Q�H�D�U�H�V�W���Q�H�L�J�K�E�R�U �Y�D�U�L�D�W�L�R�Q�D�O �D�Q�V�D�W�] �F�L�U�F�X�L�W �G�U�D�Z�Q �L�Q
�)�L�J�� ���������� �I�R�U �Z�K�L�F�K �W�K�H �G�H�S�W�K �L�V �J�L�Y�H�Q �E�\w�� �,�Q �W�K�H �Q�H�[�W �V�H�F�W�L�R�Q�� �Z�H �S�U�R�Y�L�G�H �Q�X�P�H�U�L�F�D�O �H�Y�L�G�H�Q�F�H �W�K�D�W �L�Q �4�&�)�'
�D�S�S�O�L�F�D�W�L�R�Q�V�� �W�K�L�V �E�R�X�Q�G �L�V �K�D�U�G�O�\ �H�Y�H�U �U�H�D�F�K�H�G�� �E�X�W �D �P�R�U�H �S�U�D�F�W�L�F�D�O �E�R�X�Q�G �L�V �G�H�U�L�Y�H�G �E�\ �D�Q�D�O�\�]�L�Q�J �W�K�H �T�X�D�Q�W�X�P
�P�H�F�K�D�Q�L�F�D�O �S�U�R�S�H�U�W�L�H�V �R�I �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V��

�7�K�H �D�I�R�U�H�P�H�Q�W�L�R�Q�H�GO(� 10w2) �V�F�D�O�L�Q�J�� �K�R�Z�H�Y�H�U�� �L�V �Q�R�W �S�U�D�F�W�L�F�D�O �D�V �W�K�H �F�R�H�I�I�L�F�L�H�Q�W �R�I �W�K�H �V�F�D�O�L�Q�J �W�H�Q�G�V �W�R �E�H
�Y�H�U�\ �O�D�U�J�H �D�Q�G �Z�H �U�D�U�H�O�\ �H�Q�F�R�X�Q�W�H�U �V�W�U�X�F�W�X�U�H�O�H�V�V�� �S�X�U�H �Q�R�L�V�H���O�L�N�H �I�O�X�L�G �I�L�H�O�G �I�H�D�W�X�U�H�V �D�V �D �U�H�V�X�O�W �R�I �D �3�'�(���E�D�V�H�G
�W�L�P�H �H�Y�R�O�X�W�L�R�Q�� �7�K�H�U�H�I�R�U�H�� �L�Q �R�U�G�H�U �W�R �I�L�Q�G �D �S�U�D�F�W�L�F�D�O �E�R�X�Q�G�� �L�W �L�V �L�P�S�R�U�W�D�Q�W �W�R �O�R�R�N �D�W �V�W�U�X�F�W�X�U�H �R�I �D �3�'�( �L�Q �W�K�H
�F�R�Q�W�H�[�W �R�I �T�X�D�Q�W�X�P �P�H�F�K�D�Q�L�F�V�� �:�H �I�L�Q�G �W�K�D�W �W�L�P�H �H�Y�R�O�X�W�L�R�Q �R�I �D �Q�R�Q�O�L�Q�H�D�U �3�'�( �W�K�D�W �L�V �D�Q�D�O�R�J�R�X�V �W�R �W�K�H �1�D�Y�L�H�U��
�6�W�R�N�H�V �H�T�X�D�W�L�R�Q�� �L�Q �)�R�X�U�L�H�U �V�S�D�F�H�� �K�D�V �D �V�W�U�X�F�W�X�U�H �V�X�F�K �W�K�D�W �F�R�U�U�H�O�D�W�L�R�Q�V �V�S�U�H�D�G �R�Q�O�\ �O�L�Q�H�D�U�O�\ �W�K�U�R�X�J�K�R�X�W �W�K�H �T�X�E�L�W�V��
�7�K�H�U�H�I�R�U�H�� �W�K�HO(w2) ���F�R�Q�V�H�T�X�H�Q�W�O�\O(( �O�R�J2

b� a
� K

)2) �L�Q �W�K�H �W�X�U�E�X�O�H�Q�W �U�H�J�L�P�H�� �E�R�X�Q�G �K�R�O�G�V �Z�L�W�K �D �P�X�F�K �V�P�D�O�O�H�U
�F�R�H�I�I�L�F�L�H�Q�W �L�Q �W�K�H �&�)�' �F�R�Q�W�H�[�W�� �Z�K�H�U�H �D �G�H�W�D�L�O�H�G �G�L�V�F�X�V�V�L�R�Q �L�V �S�U�H�V�H�Q�W�H�G �L�Q �R�X�U �I�X�W�X�U�H �S�X�E�O�L�F�D�W�L�R�Q �>���@��

�,�Q �Z�K�D�W �I�R�O�O�R�Z�V�� �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �D�Q�G �9�4�$ �D�U�H �S�H�U�I�R�U�P�H�G �L�Q �W�K�H �U�H�D�O �V�S�D�F�H �L�Q�V�W�H�D�G �R�I �L�Q �)�R�X�U�L�H�U �V�S�D�F�H�� �7�K�L�V �L�V
�E�H�F�D�X�V�H �F�R�P�S�O�L�F�D�W�L�R�Q�V �L�Q�W�U�R�G�X�F�H�G �E�\ �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�Q�G �L�Q�L�W�L�D�O �V�W�D�W�H �S�U�H�S�D�U�D�W�L�R�Q �L�Q �)�R�X�U�L�H�U �V�S�D�F�H �D�U�H �D�Y�R�L�G�H�G
�L�Q �W�K�H �U�H�D�O �V�S�D�F�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �W�K�X�V �P�D�N�L�Q�J �W�K�H �S�U�D�F�W�L�F�D�O �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �D �T�X�D�Q�W�X�P �Y�D�U�L�D�W�L�R�Q�D�O �3�'�( �V�R�O�Y�H�U
�S�R�V�V�L�E�O�H�� �1�H�Y�H�U�W�K�H�O�H�V�V�� �W�K�H �D�E�R�Y�H �V�F�D�O�L�Q�J �D�U�J�X�P�H�Q�W�V �V�W�L�O�O �K�R�O�G �L�Q �U�H�D�O �V�S�D�F�H�� �D�V �W�K�H �T�X�D�Q�W�X�P �)�R�X�U�L�H�U �W�U�D�Q�V�I�R�U�P
�R�S�H�U�D�W�L�R�Q �G�R�H�V �Q�R�W �J�H�Q�H�U�D�W�H �P�X�F�K �H�Q�W�D�Q�J�O�H�P�H�Q�W �D�V �G�L�V�F�X�V�V�H�G �L�Q �>�����@�� �V�R �W�K�H �H�I�I�H�F�W �Z�L�O�O �E�H �D�W �Z�R�U�V�W �D�G�G�L�Q�JO(1)
�G�H�S�W�K �W�R �W�K�H �D�Q�V�D�W�] �F�L�U�F�X�L�W �I�R�U �O�D�U�J�H �H�Q�R�X�J�Kn��

�7�K�L�V �S�U�R�M�H�F�W �U�H�F�H�L�Y�H�V �I�X�Q�G�L�Q�J �I�U�R�P �W�K�H �(�X�U�R�S�H�D�Q �8�Q�L�R�Q�¶�V �+�R�U�L�]�R�Q �������� �� �+�R�U�L�]�R�Q �(�X�U�R�S�H
�U�H�V�H�D�U�F�K �D�Q�G �L�Q�Q�R�Y�D�W�L�R�Q �D�F�W�L�R�Q�V �S�U�R�J�U�D�P�P�H �X�Q�G�H�U �*�U�D�Q�W �$�J�U�H�H�P�H�Q�W ��������������������������



�)�L�J�X�U�H �������������D�� �6�Q�D�S�V�K�R�W �R�Iy���Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W �R�I �W�K�H �7�X�U�E�X�O�H�Q�W �I�O�R�Z �G�D�W�D �>������ ������ �����@ �X�V�H�G �I�R�U �W�K�H �V�F�D�O�L�Q�J �D�Q�D�O�\�V�L�V
��N = 32 � 32 � 32���� ���E�� �6�F�D�O�L�Q�J �R�I �Q�X�P�E�H�U �R�I �S�D�U�D�P�H�W�H�U�V �U�H�T�X�L�U�H�G �W�R �G�H�V�F�U�L�E�H �W�K�H �I�L�H�O�G �R�QN �J�U�L�G �S�R�L�Q�W�V �I�R�U �R�E�W�D�L�Q�L�Q�J �D
�I�D�L�W�K�I�X�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �D �V�W�D�W�H �E�H�O�R�Z �D �I�L�[�H�G �H�U�U�R�U �W�K�U�H�V�K�R�O�G� �W�K= 0 :01�� �7�K�H �U�H�G �G�R�W�W�H�G �O�L�Q�H �L�V �D�Q �R�U�G�H�U3 �S�R�O�\�Q�R�P�L�D�O �I�L�W�W�H�G �W�R
�W�K�H� �9�4�$ �G�D�W�D �S�R�L�Q�W�V�� �D�Q�G �W�K�H �E�O�D�F�N �G�D�V�K�H�G �O�L�Q�H �L�V �D �O�L�Q�H�D�U �I�L�W �L�Q �O�R�J���O�R�J �V�F�D�O�H �I�R�U �W�K�H� �0�3�6�G�D�W�D �S�R�L�Q�W�V�� �7�K�H �V�F�D�O�L�Q�J �Z�H �R�E�V�H�U�Y�H�G
�I�R�U �9�4�$ �L�V �S�U�H�O�L�P�L�Q�D�U�\ �D�Q�G �I�X�U�W�K�H�U �U�H�V�H�D�U�F�K �L�V �U�H�T�X�L�U�H�G�� ���F�� �7�K�H �V�F�D�O�L�Q�J �R�I �W�K�H �E�R�X�Q�G�V �R�Q �U�H�T�X�L�U�H�G �T�X�D�Q�W�X�P �U�H�V�R�X�U�F�H�V�� �7�K�H
�J�U�H�H�Q �O�L�Q�H �L�V �I�R�U �W�K�H �O�R�Z�H�U �E�R�X�Q�G ��T�4�&;� �W�K�� �D�Q�G �W�K�H �E�O�X�H �O�L�Q�H �L�V �I�R�U �W�K�H �X�S�S�H�U �E�R�X�Q�G ��T�4�&;� 2

�W�K
�� �Z�L�W�KC� �W�K= C� 2

�W�K
= 1 �� �7�K�H�V�H �D�U�H

�S�O�R�W�W�H�G �D�J�D�L�Q�V�W �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W �I�R�U �0�3�6�� �7�K�H�\ �D�U�H �G�H�U�L�Y�H�G �I�U�R�P ���E�� �E�\ �I�L�[�L�Q�J �W�K�H �H�U�U�R�U �W�R�O�H�U�D�Q�F�H �W�R� �W�K= 0 :01�� �7�K�H
�G�R�W�W�H�G �O�L�Q�H�V �D�U�H �O�L�Q�H�D�U �I�L�W�V �L�Q �O�R�J���O�R�J �V�F�D�O�H �I�R�U �H�D�F�K �F�R�V�W�� �)�R�U �W�K�L�V �V�H�W �R�I �F�R�Q�V�W�D�Q�W�V �R�I �S�U�R�S�R�U�W�L�R�Q�D�O�L�W�\ ��C� �W�K�D�Q�GC� 2

�W�K
���� �W�K�H �W�U�X�H

�F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W �O�L�H�V �Z�L�W�K�L�Q �W�K�H �J�U�D�\ �D�U�H�D�� �'�D�W�D �W�D�N�H�Q �I�U�R�P �>�����@

�����������9�4�$ �Y�V �7�1�� �6�F�D�O�L�Q�J �$�Q�D�O�\�V�L�V

�:�H �F�R�Q�I�L�U�P �W�K�H �W�K�H�R�U�H�W�L�F�D�O �V�F�D�O�L�Q�J �G�H�U�L�Y�H�G �L�Q �6�H�F�W�L�R�Q ���������� �E�\ �F�R�P�S�D�U�L�Q�J �W�K�H �Q�X�P�E�H�U �R�I �S�D�U�D�P�H�W�H�U�V� �U�H�T�X�L�U�H�G �I�R�U
�I�D�L�W�K�I�X�O�O�\ �H�[�S�U�H�V�V�L�Q�J �W�K�H �W�X�U�E�X�O�H�Q�W �I�O�R�Z�� �7�K�H �W�X�U�E�X�O�H�Q�W �I�O�R�Z �L�V �F�K�R�V�H�Q �D�V �L�W �L�V �W�K�H �Z�R�U�V�W �S�R�V�V�L�E�O�H �V�W�U�X�F�W�X�U�H �W�K�D�W �P�D�\
�H�P�H�U�J�H �D�V �D �U�H�V�X�O�W �R�I �&�)�' �V�L�P�X�O�D�W�L�R�Q�V �L�Q �W�H�U�P�V �R�I �F�R�P�S�O�H�[�L�W�\ ���)�L�J�� �������� ���D������ �7�K�H �L�Q�I�L�G�H�O�L�W�\��� F �� �L�V �X�V�H�G �W�R �T�X�D�Q�W�L�I�\
�W�K�H �H�Q�F�R�G�L�Q�J �H�U�U�R�U �E�H�W�Z�H�H�Q �W�K�H �W�U�X�H �V�W�D�W�H ��j �W�U�X�Hi �� �D�Q�G �W�K�H �D�S�S�U�R�[�L�P�D�W�H �V�W�D�W�H ��j �D�S�S�U�R�[i �� �R�E�W�D�L�Q�H�G �Y�D�U�L�D�W�L�R�Q�D�O�O�\ �Z�L�W�K
�D�Q �0�3�6 �R�U �T�X�D�Q�W�X�P �F�L�U�F�X�L�W�� �7�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �L�Q�I�L�G�H�O�L�W�\ �P�H�W�U�L�F �L�V �L�Q�W�U�R�G�X�F�H�G �L�Q �6�H�F�W�L�R�Q �������� �)�X�U�W�K�H�U�P�R�U�H�� �I�R�U
�W�K�H �T�X�D�Q�W�X�P �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �Z�H �X�V�H �W�K�H �V�D�P�H �D�Q�V�D�W�] �F�L�U�F�X�L�W �D�V �L�Q �W�K�H �S�U�H�Y�L�R�X�V �V�X�E�V�H�F�W�L�R�Q ���V�H�H �)�L�J�� ������������ �D�Q�G �X�V�H �D�Q
���.���J�R�S�W�L�P�L�]�H�U �Z�L�W�K �I�L�Q�H�O�\ �W�X�Q�H�G �S�D�U�D�P�H�W�H�U�V �X�Q�W�L�O �W�K�H �H�U�U�R�U �E�H�F�R�P�H�V �V�P�D�O�O�H�U �W�K�D�Q �D �W�K�U�H�V�K�R�O�G� < � �W�K��

�,�Q �)�L�J�� �������� ���E���� �Z�H �F�R�P�S�D�U�H �W�K�H �Q�X�P�E�H�U �R�I �S�D�U�D�P�H�W�H�U�V��� �� �U�H�T�X�L�U�H�G �I�R�U �0�3�6 �D�Q�G �9�4�$�� �)�R�U �W�K�L�V �H�[�D�P�S�O�H��
�Z�H �I�L�Q�G �W�K�D�W �9�4�$ �U�H�T�X�L�U�H�V �D �V�P�D�O�O�H�U �Q�X�P�E�H�U �R�I �S�D�U�D�P�H�W�H�U�V �I�R�U �D�O�O �J�U�L�G �V�L�]�H�V�� �L���H�� �W�K�H �Q�X�P�E�H�U �R�I �J�U�L�G �S�R�L�Q�W�V��N
�L�Q�Y�H�V�W�L�J�D�W�H�G�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �G�L�I�I�H�U�H�Q�F�H� �0�3�6� � �9�4�$ �P�R�Q�R�W�R�Q�L�F�D�O�O�\ �L�Q�F�U�H�D�V�H�V �Z�L�W�KN �� �V�X�J�J�H�V�W�L�Q�J �W�K�D�W �9�4�$ �P�D�\
�K�D�Y�H �D �V�F�D�O�L�Q�J �D�G�Y�D�Q�W�D�J�H �L�Q �W�K�H �Q�X�P�E�H�U �R�I �S�D�U�D�P�H�W�H�U�V �R�Y�H�U �L�W�V �F�O�D�V�V�L�F�D�O �F�R�X�Q�W�H�U�S�D�U�W�� �Q�D�P�H�O�\�� �W�K�H �0�3�6 �P�H�W�K�R�G��
�+�H�U�H �Z�H �D�O�V�R �I�L�Q�G �W�K�H �V�F�D�O�L�Q�J� �0�3�6 / N 0:65 �D�Q�G� �9�4�$ / N 0:52�� �Z�K�H�U�H �9�4�$ �K�D�V �D �E�H�W�W�H�U �V�F�D�O�L�Q�J �W�K�D�Q �0�3�6�� �:�H
�K�D�Y�H �D�O�V�R �I�R�X�Q�G �W�K�D�W �D �S�R�O�\�Q�R�P�L�D�O �R�I �R�U�G�H�U3 �L�Q �O�R�J2 N �I�L�W�V �Z�H�O�O ���U�H�G �G�R�W�W�H�G���� �K�R�Z�H�Y�H�U�� �G�X�H �W�R �W�K�H �O�L�P�L�W�D�W�L�R�Q�V �L�Q �W�K�H
�D�F�K�L�H�Y�D�E�O�H �Q�X�P�E�H�U �R�I �T�X�E�L�W�V�� �W�K�H �W�U�X�H �V�F�D�O�L�Q�J �L�V �L�Q�F�R�Q�F�O�X�V�L�Y�H �D�Q�G �U�H�T�X�L�U�H�V �I�X�U�W�K�H�U �U�H�V�H�D�U�F�K��

�1�H�[�W�� �Z�H �F�R�P�S�D�U�H �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W��T �� �R�I �W�K�H �0�3�6 �P�H�W�K�R�G �W�R �9�4�$�� �$�V �H�[�S�O�D�L�Q�H�G �L�Q �W�K�H �S�U�H�Y�L�R�X�V �S�D�U�W��
�W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W �R�I �0�3�6 �V�F�D�O�H�V �D�VT�0�3�6= � 3 �O�R�J2 N �� �Z�K�H�U�H� �L�V �W�K�H �E�R�Q�G �G�L�P�H�Q�V�L�R�Q�� �)�R�U �D �I�L�[�H�G �W�K�U�H�V�K�R�O�G
� �W�K�� �K�R�Z�H�Y�H�U��� �P�D�\ �G�H�S�H�Q�G �R�QN �� �V�L�Q�F�H �L�Q�F�U�H�D�V�L�Q�J �W�K�H �V�\�V�W�H�P �V�L�]�H �F�D�Q �L�Q�W�U�R�G�X�F�H �Q�R�Q���W�U�L�Y�L�D�O �V�W�U�X�F�W�X�U�H�V �W�K�D�W �P�X�V�W
�E�H �U�H�V�R�O�Y�H�G�� �7�K�H�U�H�I�R�U�H�� �L�Q �)�L�J�� �������� ���F���� �Z�H �W�D�N�H �W�K�H �Y�D�O�X�H�V �R�I� < 0:01�� �W�K�H �P�L�Q�L�P�X�P �F�K�L �U�H�T�X�L�U�H�G �I�R�U �U�H�S�U�H�V�H�Q�W�L�Q�J
�W�K�H �I�L�H�O�G �Z�L�W�K �H�U�U�R�U �E�H�O�R�Z� �W�K= 0 :01 �R�E�W�D�L�Q�H�G �L�Q ���E���� �D�Q�G �S�O�R�WT�0�3�6 = � 3

< 0:01 �O�R�J2 N �� �+�H�U�H �Z�H �I�L�Q�G �D �V�F�D�O�L�Q�J
T�0�3�6/ N ���F�� �E�O�D�F�N �G�D�V�K�H�G����

�)�R�U �9�4�$�� �Z�H �G�H�I�L�Q�H �W�K�H �F�R�V�WT�9�4�$ �D�V �W�K�H �Q�X�P�E�H�U �R�I �P�H�D�V�X�U�H�P�H�Q�W�V �U�H�T�X�L�U�H�G �W�R �F�R�P�S�X�W�H �W�K�H �J�U�D�G�L�H�Q�W�V �R�I �W�K�H
�F�R�V�W �I�X�Q�F�W�L�R�Q �I�R�U �D�O�O �S�D�U�D�P�H�W�H�U�V �G�R�Z�Q �W�R �W�K�H �S�U�H�F�L�V�L�R�Q� �W�K= 0 :01�� �8�V�L�Q�J �W�K�H �+�D�G�D�P�D�U�G �W�H�V�W �>�����@�� �W�K�H �E�H�V�W���F�D�V�H �F�R�V�W
�L�VT�9�4�$;� = C� �W�K�

�9�4�$/ � �W�K�I�R�U �H�Y�D�O�X�D�W�L�Q�J �W�K�H� �9�4�$ �J�U�D�G�L�H�Q�W�V�� �7�K�L�V �R�F�F�X�U�V �Z�K�H�Q �W�K�H �D�Q�F�L�O�O�D�U�\ �T�X�E�L�W�¶�V �%�O�R�F�K �Y�H�F�W�R�U
�D�O�L�J�Q�V �F�R�P�S�O�H�W�H�O�\ �Z�L�W�K �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �E�D�V�L�V�� �&�R�Q�Y�H�U�V�H�O�\�� �W�K�H �Z�R�U�V�W���F�D�V�H �F�R�V�W �V�F�D�O�H�V �D�VT�9�4�$;� 2

�W�K
= C� 2

�W�K
� �9�4�$/ � 2

�W�K��
�Z�K�H�U�H �W�K�H1/ � 2

�W�K�I�D�F�W�R�U �D�U�L�V�H�V �I�U�R�P �W�K�H �0�R�Q�W�H �&�D�U�O�R �V�D�P�S�O�L�Q�J �O�L�P�L�W�� �,�Q �R�X�U �H�[�D�P�S�O�H�� �Z�H �I�L�Q�G �W�K�D�W �E�R�W�KT�9�4�$;� �W�K

�D�Q�GT�9�4�$;� 2
�W�K

�V�F�D�O�H �D�V/
p

N ���R�U �S�R�W�H�Q�W�L�D�O�O�\O(( �O�R�JN )3)�� �Z�K�L�F�K �L�V �P�R�U�H �I�D�Y�R�U�D�E�O�H �W�K�D�Q �W�K�HT�0�3�6 / N �R�E�V�H�U�Y�H�G
�I�R�U �0�3�6�� �1�R�W�H �W�K�D�W �V�D�P�S�O�L�Q�J �F�D�Q �E�H �S�D�U�D�O�O�H�O�L�]�H�G �W�U�L�Y�L�D�O�O�\�� �,�Q �S�U�L�Q�F�L�S�O�H�� �W�K�L�V �D�S�S�U�R�D�F�K �Z�R�X�O�G �L�P�S�D�F�W �W�K�H �F�R�Q�V�W�D�Q�W
�S�U�H�I�D�F�W�R�U�V �R�I �W�K�H �V�F�D�O�L�Q�J�� �U�D�W�K�H�U �W�K�D�Q �D�O�W�H�U�L�Q�J �W�K�H �I�X�Q�G�D�P�H�Q�W�D�O �D�V�\�P�S�W�R�W�L�F �V�F�D�O�L�Q�J �L�W�V�H�O�I��

�,�Q �F�R�Q�F�O�X�V�L�R�Q�� �R�X�U �V�F�D�O�L�Q�J �D�Q�D�O�\�V�L�V �V�X�J�J�H�V�W�V �D �S�R�W�H�Q�W�L�D�O �I�R�U �T�X�D�Q�W�X�P �D�G�Y�D�Q�W�D�J�H �L�Q �&�)�'�� �7�K�H �9�4�$ �P�H�W�K�R�G

�7�K�L�V �S�U�R�M�H�F�W �U�H�F�H�L�Y�H�V �I�X�Q�G�L�Q�J �I�U�R�P �W�K�H �(�X�U�R�S�H�D�Q �8�Q�L�R�Q�¶�V �+�R�U�L�]�R�Q �������� �� �+�R�U�L�]�R�Q �(�X�U�R�S�H
�U�H�V�H�D�U�F�K �D�Q�G �L�Q�Q�R�Y�D�W�L�R�Q �D�F�W�L�R�Q�V �S�U�R�J�U�D�P�P�H �X�Q�G�H�U �*�U�D�Q�W �$�J�U�H�H�P�H�Q�W ��������������������������



�G�H�P�R�Q�V�W�U�D�W�H�V �P�R�U�H �H�I�I�L�F�L�H�Q�W �V�F�D�O�L�Q�J�� �Z�L�W�K �D �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W �R�IO(
p

N ) ���D�Q�G �S�R�W�H�Q�W�L�D�O�O�\O(( �O�R�JN )3)�� �F�R�P�S�D�U�H�G
�W�R �W�K�HO(N ) �V�F�D�O�L�Q�J �R�I �W�K�H �F�O�D�V�V�L�F�D�O �0�3�6 �P�H�W�K�R�G�� �+�R�Z�H�Y�H�U�� �W�K�H �R�E�V�H�U�Y�H�G �V�F�D�O�L�Q�J �I�R�U �W�K�H �Q�X�P�E�H�U �R�I �S�D�U�D�P�H�W�H�U�V��
�D�Q�G �K�H�Q�F�H �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W�V �G�L�V�D�J�U�H�H�V �Z�L�W�K �W�K�H �W�K�H�R�U�H�W�L�F�D�O �V�F�D�O�L�Q�J �S�U�R�Y�L�G�H�G �L�Q �6�H�F�W�L�R�Q ������������ �7�K�L�V �P�D�\
�E�H �E�O�D�P�H�G �R�Q �W�K�H �E�D�U�U�H�Q���S�O�D�W�H�D�X �S�K�H�Q�R�P�H�Q�R�Q �>�����@ �W�K�D�W �S�U�R�K�L�E�L�W�V �W�K�H �W�U�D�L�Q�D�E�L�O�L�W�\ �R�I �W�K�H �T�X�D�Q�W�X�P �F�L�U�F�X�L�W�� �D�Q�G �D
�V�X�E�R�S�W�L�P�D�O �F�K�R�L�F�H �R�I �W�K�H �D�Q�V�D�W�] �F�L�U�F�X�L�W �V�W�U�X�F�W�X�U�H�� �7�K�H�V�H �S�U�R�E�O�H�P�V �D�U�H �W�D�F�N�O�H�G �L�Q �6�H�F�W�L�R�Q ������������

�1�H�Y�H�U�W�K�H�O�H�V�V�� �W�K�L�V �V�X�J�J�H�V�W�V �W�K�D�W �D�V �S�U�R�E�O�H�P �V�L�]�H�V �L�Q�F�U�H�D�V�H�� �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �J�D�S �E�H�W�Z�H�H�Q �T�X�D�Q�W�X�P �D�Q�G �F�O�D�V��
�V�L�F�D�O �D�S�S�U�R�D�F�K�H�V �F�R�X�O�G �Z�L�G�H�Q�� �+�R�Z�H�Y�H�U�� �W�K�H �9�4�$ �D�Q�D�O�\�V�L�V �L�V �E�D�V�H�G �R�Q �V�\�V�W�H�P �V�L�]�H�V �W�K�D�W �D�U�H �U�H�D�F�K�D�E�O�H �Z�L�W�K �F�X�U��
�U�H�Q�W�O�\ �D�Y�D�L�O�D�E�O�H �F�O�D�V�V�L�F�D�O �F�R�P�S�X�W�D�W�L�R�Q�D�O �U�H�V�R�X�U�F�H�V�� �)�R�F�X�V�L�Q�J �R�Q �S�U�D�F�W�L�F�D�O �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�V �R�Q �T�X�D�Q�W�X�P �K�D�U�G�Z�D�U�H
�W�R �D�F�F�R�X�Q�W �I�R�U �Q�R�L�V�H �D�Q�G �R�W�K�H�U �D�U�F�K�L�W�H�F�W�X�U�D�O �O�L�P�L�W�D�W�L�R�Q�V �L�V �D�O�V�R �D �S�R�W�H�Q�W�L�D�O �I�X�W�X�U�H �G�L�U�H�F�W�L�R�Q�� �7�K�L�V �R�E�V�H�U�Y�H�G �L�Q�L�W�L�D�O
�W�K�H�R�U�H�W�L�F�D�O �D�G�Y�D�Q�W�D�J�H �S�U�R�Y�L�G�H�V �V�W�U�R�Q�J �P�R�W�L�Y�D�W�L�R�Q �I�R�U �F�R�Q�W�L�Q�X�H�G �U�H�V�H�D�U�F�K��

�����������7�H�Q�V�R�U���3�U�R�J�U�D�P�P�D�E�O�H �9�4�$

�)�L�J�X�U�H �����������6�N�H�W�F�K �R�I �W�K�H �K�\�E�U�L�G �F�O�D�V�V�L�F�D�O���T�X�D�Q�W�X�P �V�W�U�D�W�H�J�\ �X�V�L�Q�J �0�3�2���S�U�R�J�U�D�P�P�H�G �X�Q�L�W�D�U�L�H�V �D�Q�G �S�R�V�W�V�H�O�H�F�W�L�R�Q �L�Q �D �9�4�$
�V�H�W�W�L�Q�J�� �7�K�H �I�L�J�X�U�H �L�V �W�D�N�H�Q �I�U�R�P �>�����@��

�)�L�J�X�U�H �����������6�X�F�F�H�V�V �S�U�R�E�D�E�L�O�L�W�L�H�V �Y�V�� �V�\�V�W�H�P �V�L�]�H�� ���D�� �(�P�S�L�U�L�F�D�O �P�H�D�Q �V�X�F�F�H�V�V �S�U�R�E�D�E�L�O�L�W�\�� �V�X�F�F�I�R�U �O�L�Q�H�D�U �V�W�H�Q�F�L�O �R�S�H�U�D�W�R�U�V��
�W�K�H �/�D�S�O�D�F�L�D�Q� ���E�O�X�H�� �D�Q�G �I�L�U�V�W���G�H�U�L�Y�D�W�L�Y�H �V�F�K�H�P�H�V ���J�U�H�H�Q�� �U�H�G�� �S�X�U�S�O�H�� �U�H�P�D�L�Q �H�V�V�H�Q�W�L�D�O�O�\ �V�L�]�H���L�Q�G�H�S�H�Q�G�H�Q�W �Z�L�W�K�� �V�X�F�F�
0:35�±0:50�� �Z�K�L�O�H �W�K�H �L�P�S�O�L�F�L�W �G�L�I�I�X�V�L�R�Q �V�W�H�S1 + � � t

� x 2 � ���R�U�D�Q�J�H�� �G�H�F�U�H�D�V�H�V �Z�L�W�Kn �T�X�E�L�W�V�E�H�I�R�U�H �I�O�D�W�W�H�Q�L�Q�J�� ���E�� �1�R�Q�O�L�Q�H�D�U
�S�R�L�Q�W�Z�L�V�H �P�X�O�W�L�S�O�L�F�D�W�L�R�Q�� �W�K�H �V�X�F�F�H�V�V �D�P�S�O�L�W�X�G�H� �V�X�F�F�V�W�D�\�V �Q�H�D�U���F�R�Q�V�W�D�Q�W �X�Q�W�L�O �W�K�H �I�H�D�W�X�U�H ���*�D�X�V�V�L�D�Q �Z�L�G�W�K� �� �L�V �U�H�V�R�O�Y�H�G�� �D�I�W�H�U
�Z�K�L�F�K �L�W �G�U�R�S�V �Z�L�W�Kn �T�X�E�L�W�V�� �Q�D�U�U�R�Z�H�U �I�H�D�W�X�U�H�V ��� = 0 :01�� �G�H�F�D�\ �H�D�U�O�L�H�U���I�D�V�W�H�U �W�K�D�Q �Z�L�G�H�U �R�Q�H�V ��� = 0 :001���� �7�K�H �I�L�J�X�U�H �L�V �W�D�N�H�Q
�I�U�R�P �>�����@��

�,�Q �W�K�H �S�U�H�Y�L�R�X�V �V�H�F�W�L�R�Q�V�� �Z�H �H�V�W�D�E�O�L�V�K�H�G �W�K�H �F�R�U�U�H�V�S�R�Q�G�H�Q�F�H �E�H�W�Z�H�H�Q �D �S�D�U�D�P�H�W�U�L�]�H�G �T�X�D�Q�W�X�P �F�L�U�F�X�L�W�V �D�Q�G �D�Q
�0�3�6�� �W�K�H �H�Q�W�U�L�H�V �R�I �0�3�6 �W�H�Q�V�R�U�V �S�O�D�\ �W�K�H �U�R�O�H �R�I �Y�D�U�L�D�W�L�R�Q�D�O �S�D�U�D�P�H�W�H�U�V�� �Z�K�L�O�H �L�Q �D �9�4�$ �W�K�H �D�Q�D�O�R�J�R�X�V �G�H�J�U�H�H�V
�R�I �I�U�H�H�G�R�P �D�U�H �W�K�H �J�D�W�H �S�D�U�D�P�H�W�H�U�V ���H���J���� �U�R�W�D�W�L�R�Q �D�Q�J�O�H�V���S�K�D�V�H�V�� �R�I �W�K�H �F�R�Q�V�W�L�W�X�H�Q�W �X�Q�L�W�D�U�L�H�V�� �$�Q �D�Q�D�O�R�J�R�X�V �O�L�Q�N
�F�D�Q �E�H �G�U�D�Z�Q �I�R�U �R�S�H�U�D�W�R�U�V�� �P�D�W�U�L�F�H�V ���H���J���� �G�L�I�I�H�U�H�Q�W�L�D�O �R�U �O�L�Q�H�D�U�L�]�H�G �&�)�' �R�S�H�U�D�W�R�U�V�� �D�F�W�L�Q�J �R�Q �D �V�W�D�W�H �Y�H�F�W�R�U �F�D�Q
�E�H �U�H�S�U�H�V�H�Q�W�H�G �E�\ �T�X�D�Q�W�X�P �F�L�U�F�X�L�W�V�� �7�K�H �P�D�L�Q �F�R�P�S�O�L�F�D�W�L�R�Q �L�V �W�K�D�W �V�R�P�H �&�)�' �R�S�H�U�D�W�R�U�V �D�U�H �Q�R�Q���X�Q�L�W�D�U�\�� �Z�K�H�U�H�D�V
�T�X�D�Q�W�X�P �F�L�U�F�X�L�W�V �Q�D�W�L�Y�H�O�\ �U�H�T�X�L�U�H �X�Q�L�W�D�U�\ �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V�� �7�Z�R �H�V�W�D�E�O�L�V�K�H�G �V�R�O�X�W�L�R�Q�V �D�U�H ���L�� �E�O�R�F�N���H�Q�F�R�G�L�Q�J�� �Z�K�L�F�K
�H�P�E�H�G�V �D �Q�R�Q���X�Q�L�W�D�U�\ �R�S�H�U�D�W�R�U �L�Q�W�R �D �O�D�U�J�H�U �X�Q�L�W�D�U�\ �D�F�W�L�Q�J �R�Q �V�\�V�W�H�P �S�O�X�V �D�Q�F�L�O�O�D �>�����@�� �D�Q�G ���L�L�� �Y�D�U�L�D�W�L�R�Q�D�O �X�Q�L�W�D�U�\
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f (x) = Ef (x) : ����������

�+�H�U�H��f (x)�� �Z�L�W�Kx �E�H�L�Q�J �V�S�D�W�L�D�O �F�R�R�U�G�L�Q�D�W�H�V�� �U�H�S�U�H�V�H�Q�W�V �D �Q�R�U�P�D�O�L�]�H�G �V�L�Q�J�O�H �U�H�D�O���Y�D�O�X�H�G �I�X�Q�F�W�L�R�Q �G�H�I�L�Q�H�G �R�Y�H�U
�W�K�H �L�Q�W�H�U�Y�D�O[a; b]�� g �G�H�Q�R�W�H�V �W�K�H �V�W�U�H�Q�J�W�K �R�I �W�K�H �Q�R�Q�O�L�Q�H�D�U�L�W�\�� �D�Q�GV0 �L�V �W�K�H �G�H�S�W�K �R�I �W�K�H �T�X�D�G�U�D�W�L�F �S�R�W�H�Q�W�L�D�OV(x)
�F�H�Q�W�H�U�H�G �D�U�R�X�Q�Gx0 = b� a
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�D�Q�G �W�K�H �P�L�Q�L�P�X�P �Y�D�O�X�H �R�I �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �U�H�S�U�H�V�H�Q�W�V �W�K�H �J�U�R�X�Q�G �V�W�D�W�H �V�R�O�X�W�L�R�Q�� �+�H�U�H�� k =
p

�f (xk ) �V�X�F�K �W�K�D�W
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�W�K�H �Q�R�U�P�D�O�L�]�D�W�L�R�Q �F�R�Q�G�L�W�L�R�Q1 = �
P N � 1

k=0 jf (xk )j2 =
P N � 1

k=0 j k j2 �L�V �V�D�W�L�V�I�L�H�G�� �(�D�F�K �W�H�U�P �L�Q �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q
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�W�K�D�W �W�K�H �P�D�[�L�P�X�P �Q�X�P�E�H�U �R�I �T�X�E�L�W�V �D�Q�G �J�D�W�H �U�H�V�R�X�U�F�H�V �U�H�T�X�L�U�H�G �W�R �H�Y�D�O�X�D�W�H �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �L�V �G�H�W�H�U�P�L�Q�H�G �E�\ �W�K�H
�Q�R�Q�O�L�Q�H�D�U �L�Q�W�H�U�D�F�W�L�R�Q �H�Q�H�U�J�\ �W�H�U�PhhE I ii �� �:�K�L�O�H �W�K�H �P�D�S�S�L�Q�J �R�I �W�K�H �W�U�L�D�O �V�R�O�X�W�L�R�Q �U�H�T�X�L�U�H�V �D �U�H�J�L�V�W�H�U �R�I �O�R�J2(N )
�T�X�E�L�W�V�� �W�K�H �H�Q�F�R�G�L�Q�J �R�I �W�K�H �Q�R�Q�O�L�Q�H�D�U�L�W�\ �W�H�U�P �G�H�P�D�Q�G�V3�O�R�J2(N )�� �7�K�H �Q�H�H�G �I�R�U �W�K�U�H�H �T�X�D�Q�W�X�P �U�H�J�L�V�W�H�U�V �W�R �H�Q�F�R�G�H
�W�K�H �Q�R�Q�O�L�Q�H�D�U�L�W�\ �U�H�I�O�H�F�W�V �W�K�H �L�P�S�O�L�F�D�W�L�R�Q�V �R�I �W�K�H �Q�R���F�O�R�Q�L�Q�J �W�K�H�R�U�H�P �L�Q �T�X�D�Q�W�X�P �P�H�F�K�D�Q�L�F�V�� �Z�K�L�F�K �Q�H�F�H�V�V�L�W�D�W�H�V �W�K�H
�S�U�H�S�D�U�D�W�L�R�Q �R�I �P�X�O�W�L�S�O�H �F�R�S�L�H�V �R�I �W�K�H �W�U�L�D�O �V�R�O�X�W�L�R�Q��

�4�X�E�L�W �V�F�D�O�L�Q�J �Y�V �S�U�R�E�O�H�P �V�L�]�H

�7�K�H �Q�X�P�E�H�U �R�I �T�X�E�L�W�Vn �V�F�D�O�H�V �D�V3�O�R�J2(N ) + 1 �� �Z�K�H�U�HN �L�V �W�K�H �Q�X�P�E�H�U �R�I �J�U�L�G �S�R�L�Q�W�V �R�I �W�K�H �S�U�R�E�O�H�P�� �6�L�Q�F�H �W�K�H
�Q�X�P�E�H�U �R�I �J�U�L�G �S�R�L�Q�W�V ��N = 2

n � 1
3 �� �J�U�R�Z�V �I�D�V�W�H�U �W�K�D�Q �W�K�H �T�X�E�L�W �U�H�T�X�L�U�H�P�H�Q�W�V�� �W�K�H �D�O�J�R�U�L�W�K�P �G�R�H�V �Q�R�W �I�D�F�H �L�Q�K�H�U�H�Q�W

�V�F�D�O�D�E�L�O�L�W�\ �O�L�P�L�W�D�W�L�R�Q�V�� �+�R�Z�H�Y�H�U�� �R�U�G�L�Q�D�U�\ �F�O�D�V�V�L�F�D�O �F�R�P�S�X�W�H�U�V �F�D�Q �W�\�S�L�F�D�O�O�\ �K�D�Q�G�O�H �V�L�P�X�O�D�W�L�R�Q�V �R�I �X�S �W�R �D�E�R�X�W
16�±20 �T�X�E�L�W�V ��N = 2 6 � 27 �J�U�L�G �S�R�L�Q�W�V���� �Z�K�L�O�H �P�R�G�H�U�Q �V�X�S�H�U�F�R�P�S�X�W�H�U�V�� �G�H�S�H�Q�G�L�Q�J �R�Q �D�U�F�K�L�W�H�F�W�X�U�H �D�Q�G �P�H�P�R�U�\��
�F�D�Q �H�[�W�H�Q�G �W�K�L�V �O�L�P�L�W �W�R �D�S�S�U�R�[�L�P�D�W�H�O�\40�±45 �T�X�E�L�W�V ��N = 2 14 � 215 �J�U�L�G �S�R�L�Q�W�V���� �2�Q �W�K�H �F�R�Q�W�U�D�U�\�� �F�X�U�U�H�Q�W �1�,�6�4
�G�H�Y�L�F�H�V �D�O�U�H�D�G�\ �R�I�I�H�U �P�R�U�H �W�K�D�Q �������� �T�X�E�L�W�V�� �Z�K�L�F�K �L�Q �S�U�L�Q�F�L�S�O�H �Z�R�X�O�G �E�H �V�X�I�I�L�F�L�H�Q�W �W�R �U�H�S�U�H�V�H�Q�W �S�U�R�E�O�H�P�V �G�H�I�L�Q�H�G
�R�Q �J�U�L�G�V �D�V �O�D�U�J�H �D�V2300 �S�R�L�Q�W�V�� �+�R�Z�H�Y�H�U�� �W�K�H �S�U�D�F�W�L�F�D�O �V�R�O�X�W�L�R�Q �R�I �V�X�F�K �S�U�R�E�O�H�P�V �U�H�P�D�L�Q�V �F�X�U�U�H�Q�W�O�\ �R�X�W �R�I �U�H�D�F�K
�G�X�H �W�R �Q�R�L�V�H�� �O�L�P�L�W�H�G �F�L�U�F�X�L�W �G�H�S�W�K�� �D�Q�G �I�L�G�H�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�V��

�&�L�U�F�X�L�W �G�H�S�W�K

�:�L�W�K�L�Q �J�D�W�H���O�H�Y�H�O �V�L�P�X�O�D�W�L�R�Q�V�� �Z�H �D�Q�D�O�\�]�H �W�K�H �F�L�U�F�X�L�W �G�H�S�W�K �U�H�T�X�L�U�H�P�H�Q�W�V �W�R �F�D�S�W�X�U�H �W�K�H �Y�D�U�L�D�W�L�R�Q�D�O �J�U�R�X�Q�G �V�W�D�W�H
�R�I �W�K�H �1�/�6�( �Z�L�W�K �X�S �W�R99�� �I�L�G�H�O�L�W�\�� �:�H �V�\�V�W�H�P�D�W�L�F�D�O�O�\ �D�Q�D�O�\�]�H �W�K�H �Q�X�P�E�H�U �R�I �W�Z�R���T�X�E�L�W �J�D�W�H�V �D�Q�G �F�L�U�F�X�L�W �G�H�S�W�K
�U�H�T�X�L�U�H�G �W�R �D�F�K�L�H�Y�H> 99�� �I�L�G�H�O�L�W�\ �I�R�Un = 7 ��N = 4 ����n = 10 ��N = 8 �� �D�Q�Gn = 13 ��N = 16�� �>�V�H�H �>�����@ �I�R�U �P�R�U�H
�G�H�W�D�L�O�V�@ �D�Q�G �H�[�W�U�D�S�R�O�D�W�H�G �L�W �W�R �U�H�O�D�W�L�Y�H�O�\ �E�L�J�J�H�U �V�\�V�W�H�P �V�L�]�H�V �L�Q �W�K�H �)�L�J�� ����������

�)�L�J�X�U�H �����������6�F�D�O�L�Q�J �R�I �Q�X�P�E�H�U �R�I ���D�� �&�1�2�7 �J�D�W�H�V �D�Q�G ���E�� �F�L�U�F�X�L�W �G�H�S�W�K �Z�L�W�K �U�H�V�S�H�F�W �W�R �S�U�R�E�O�H�P �V�L�]�H �L�Q �W�H�U�P�V �R�I �Q�X�P�E�H�U �R�I
�T�X�E�L�W�Vn�� �+�H�U�H�� �E�O�D�F�N�� �E�O�X�H�� �D�Q�G �S�X�U�S�O�H �F�R�O�R�U�V �L�Q�G�L�F�D�W�H �W�K�H �Z�H�D�N�� �P�R�G�H�U�D�W�H�� �D�Q�G �V�W�U�R�Q�J �U�H�J�L�P�H�V �R�I �Q�R�Q�O�L�Q�H�D�U�L�W�\��

�����������&�D�V�H �6�W�X�G�\ �9�� �%�X�U�J�H�U�V�¶ �H�T�X�D�W�L�R�Q

�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �K�L�J�K�O�L�J�K�W �W�K�H �V�F�D�O�L�Q�J �R�I �W�K�H �Q�X�P�E�H�U �R�I �T�X�E�L�W�V �D�Q�G �W�K�H �Q�X�P�E�H�U �R�I �&�1�2�7 �J�D�W�H�V �U�H�T�X�L�U�H�G �W�R
�H�I�I�L�F�L�H�Q�W�O�\ �V�R�O�Y�H �W�K�H �Q�R�Q�O�L�Q�H�D�U �G�\�Q�D�P�L�F�V �R�I �W�K�H �R�Q�H���G�L�P�H�Q�V�L�R�Q�D�O �Y�L�V�F�R�X�V �%�X�U�J�H�U�V�¶ �H�T�X�D�W�L�R�Q�� �2�X�U �D�Q�D�O�\�V�L�V �V�K�R�Z�V �D
�W�K�U�H�H���I�R�O�G �U�H�G�X�F�W�L�R�Q �L�Q �W�K�H �Q�X�P�E�H�U �R�I �W�Z�R���T�X�E�L�W �J�D�W�H�V �F�R�P�S�D�U�H�G �W�R �W�K�H �F�R�Q�Y�H�Q�W�L�R�Q�D�O �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �T�X�D�Q�W�X�P
�F�L�U�F�X�L�W�V�� �L�Q�G�L�F�D�W�L�Q�J �D �U�H�P�D�U�N�D�E�O�H �L�P�S�U�R�Y�H�P�H�Q�W �L�Q �F�L�U�F�X�L�W �H�I�I�L�F�L�H�Q�F�\ �Z�K�L�O�H �P�D�L�Q�W�D�L�Q�L�Q�J �K�L�J�K���I�L�G�H�O�L�W�\ �V�L�P�X�O�D�W�L�R�Q �R�I
�W�K�H �X�Q�G�H�U�O�\�L�Q�J �G�\�Q�D�P�L�F�V�� �6�W�X�G�\�L�Q�J �W�K�L�V �P�R�G�H�O �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �L�P�S�R�U�W�D�Q�W �D�V �W�K�H �%�X�U�J�H�U�V�¶ �H�T�X�D�W�L�R�Q �V�H�U�Y�H�V �D�V �D �S�U�R��
�W�R�W�\�S�L�F�D�O �Q�R�Q�O�L�Q�H�D�U �S�D�U�W�L�D�O �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�� �F�D�S�W�X�U�L�Q�J �H�V�V�H�Q�W�L�D�O �I�H�D�W�X�U�H�V �R�I �W�X�U�E�X�O�H�Q�F�H �D�Q�G �V�K�R�F�N �I�R�U�P�D�W�L�R�Q��

�7�K�L�V �S�U�R�M�H�F�W �U�H�F�H�L�Y�H�V �I�X�Q�G�L�Q�J �I�U�R�P �W�K�H �(�X�U�R�S�H�D�Q �8�Q�L�R�Q�¶�V �+�R�U�L�]�R�Q �������� �� �+�R�U�L�]�R�Q �(�X�U�R�S�H
�U�H�V�H�D�U�F�K �D�Q�G �L�Q�Q�R�Y�D�W�L�R�Q �D�F�W�L�R�Q�V �S�U�R�J�U�D�P�P�H �X�Q�G�H�U �*�U�D�Q�W �$�J�U�H�H�P�H�Q�W ��������������������������



�)�L�J�X�U�H �����������6�F�D�O�L�Q�J �R�I �W�Z�R���T�X�E�L�W �J�D�W�H �F�R�X�Q�W ��g2 �� �Z�L�W�K �U�H�V�S�H�F�W �W�R �S�U�R�E�O�H�P �V�L�]�Hn �L�Q �W�H�U�P�V �R�I �Q�X�P�E�H�U �R�I �T�X�E�L�W�V�� �+�H�U�H�� �E�O�D�F�N�� �D�Q�G
�S�X�U�S�O�H �F�R�O�R�U�V �L�Q�G�L�F�D�W�H �W�K�H �F�R�Q�Y�H�Q�W�L�R�Q�D�O �D�Q�G �O�R�Z���G�H�S�W�K �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�V �R�I �T�X�D�Q�W�X�P �F�L�U�F�X�L�W�V�� �7�K�L�V �S�O�R�W �Z�D�V �W�D�N�H�Q �I�U�R�P �>�����@��

�7�K�H �L�Q�V�L�J�K�W�V �J�D�L�Q�H�G �I�U�R�P �W�K�L�V �D�Q�D�O�\�V�L�V �S�U�R�Y�L�G�H �D �Y�D�O�X�D�E�O�H �I�R�X�Q�G�D�W�L�R�Q �I�R�U �H�[�W�H�Q�G�L�Q�J �9�4�$�V �W�R �P�R�U�H �F�R�P�S�O�H�[ �I�O�X�L�G
�G�\�Q�D�P�L�F�D�O �V�\�V�W�H�P�V �J�R�Y�H�U�Q�H�G �E�\ �Q�R�Q�O�L�Q�H�D�U�L�W�L�H�V �R�I �V�L�P�L�O�D�U �Q�D�W�X�U�H��

�3�U�R�E�L�Q�J �W�K�H �Q�R�Q�O�L�Q�H�D�U �G�\�Q�D�P�L�F�V �R�I �I�O�X�L�G �F�R�Q�I�L�J�X�U�D�W�L�R�Q�V �L�V �H�V�V�H�Q�W�L�D�O �I�R�U �D�G�Y�D�Q�F�L�Q�J �I�O�X�L�G �G�\�Q�D�P�L�F�V �V�L�P�X�O�D�W�L�R�Q�V��
�D�V �L�W �H�Q�D�E�O�H�V �G�H�H�S�H�U �L�Q�V�L�J�K�W �L�Q�W�R �W�X�U�E�X�O�H�Q�F�H�� �V�K�R�F�N �I�R�U�P�D�W�L�R�Q�� �D�Q�G �R�W�K�H�U �F�R�P�S�O�H�[ �S�K�H�Q�R�P�H�Q�D �W�K�D�W �J�R�Y�H�U�Q �U�H�D�O���Z�R�U�O�G
�W�U�D�Q�V�S�R�U�W �D�Q�G �I�O�R�Z �S�U�R�F�H�V�V�H�V�� �+�H�U�H�� �Z�H �F�R�Q�V�L�G�H�U �W�K�H �W�L�P�H���G�H�S�H�Q�G�H�Q�W �R�Q�H���G�L�P�H�Q�V�L�R�Q�D�O �Y�L�V�F�R�X�V �%�X�U�J�H�U�V�
 �H�T�X�D�W�L�R�Q
�>������ ������ �����@

@t u(x; t ) =
�
�@2

x � u(x; t )@x
�
u(x; t ) : ����������

�+�H�U�H�� �W�K�H �I�L�U�V�W �W�H�U�P �R�Q �W�K�H �U�L�J�K�W �V�L�G�H �R�I �W�K�H �H�T�X�D�W�L�R�Q �U�H�S�U�H�V�H�Q�W�V �G�L�I�I�X�V�L�R�Q�� �Z�K�H�U�H� �G�H�Q�R�W�H�V �W�K�H �F�R�H�I�I�L�F�L�H�Q�W �R�I �N�L�Q�H��
�P�D�W�L�F �Y�L�V�F�R�V�L�W�\�� �7�K�H �V�H�F�R�Q�G �W�H�U�P �F�R�U�U�H�V�S�R�Q�G�V �W�R �F�R�Q�Y�H�F�W�L�R�Q�� �Z�K�L�F�K �L�V �L�Q�K�H�U�H�Q�W�O�\ �Q�R�Q�O�L�Q�H�D�U �L�Q �Q�D�W�X�U�H��@x �D�Q�G@t

�G�H�Q�R�W�H �W�K�H �V�S�D�W�L�D�O �D�Q�G �W�H�P�S�R�U�D�O �G�H�U�L�Y�D�W�L�Y�H�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �Z�K�L�O�Hu(x; t ) �L�V �W�K�H �U�H�D�O���Y�D�O�X�H�G �I�O�X�L�G �I�L�H�O�G�� �D�Q�Gx ��t �� �U�H�S��
�U�H�V�H�Q�W�V �V�S�D�F�H ���W�L�P�H���� �(�T�� ���������� �P�R�G�H�O�V �Y�D�U�L�R�X�V �I�O�R�Z �U�H�J�L�P�H�V�� �L�Q�F�O�X�G�L�Q�J �O�D�P�L�Q�D�U ��� � 1�� �D�Q�G �W�X�U�E�X�O�H�Q�W ��� < 1��
�E�H�K�D�Y�L�R�U�� �D�Q�G �V�P�D�O�O �L�Q�V�W�D�Q�F�H�V �R�I �W�K�H �S�U�R�E�O�H�P �F�D�Q �E�H �V�R�O�Y�H�G �R�Q �D �F�O�D�V�V�L�F�D�O �F�R�P�S�X�W�H�U �X�V�L�Q�J �D �U�D�Q�J�H �R�I �V�W�U�D�L�J�K�W�I�R�U�Z�D�U�G
�W�H�F�K�Q�L�T�X�H�V�� �V�X�F�K �D�V �'�1�6�� �)�' �P�H�W�K�R�G�V�� �I�L�Q�L�W�H �Y�R�O�X�P�H �P�H�W�K�R�G�V�� �V�S�H�F�W�U�D�O �P�H�W�K�R�G�V�� �D�Q�G �R�W�K�H�U �D�S�S�U�R�D�F�K�H�V�� �4�X�D�Q�W�X�P
�D�O�J�R�U�L�W�K�P�V �I�R�U �V�L�P�X�O�D�W�L�Q�J �Q�R�Q�O�L�Q�H�D�U �%�X�U�J�H�U�V �G�\�Q�D�P�L�F�V �K�D�Y�H �E�H�H�Q �S�U�R�S�R�V�H�G �L�Q �>������ �����@ �D�Q�G �V�X�E�V�H�T�X�H�Q�W�O�\ �V�X�E�M�H�F�W�H�G
�W�R �I�X�U�W�K�H�U �W�K�H�R�U�H�W�L�F�D�O �D�Q�D�O�\�V�L�V �D�Q�G �U�H�I�L�Q�H�P�H�Q�W �L�Q �>������ �����@��

�7�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �I�R�U �W�K�H �%�X�U�J�H�U�V �G�\�Q�D�P�L�F�V �L�V �G�H�I�L�Q�H�G �D�V �W�K�H �V�T�X�D�U�H�G �U�H�V�L�G�X�D�O �R�I �W�K�H �Y�D�U�L�D�W�L�R�Q�D�O �V�W�D�W�H �D�Q�G �W�K�H
�W�L�P�H���H�Y�R�O�Y�H�G �V�W�D�W�H �D�Q�G �L�V �J�L�Y�H�Q �D�V��
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�)�R�U �H�D�F�K �W�L�P�H �V�W�H�St�� �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �G�H�I�L�Q�H�G �L�Q �(�T�� ������������ �L�V �P�L�Q�L�P�L�]�H�G�� �D�Q�G �O�R�Q�J���W�L�P�H �G�\�Q�D�P�L�F�V �F�D�Q �E�H �L�Q�Y�H�V�W�L��
�J�D�W�H�G �E�\ �L�W�H�U�D�W�L�Y�H�O�\ �U�H�S�H�D�W�L�Q�J �W�K�L�V �S�U�R�F�H�G�X�U�H�� �,�Q �>������ �����@�� �Z�H �D�Q�D�O�\�]�H�G �W�K�H �H�[�S�U�H�V�V�L�E�L�O�L�W�\ �R�I �Y�D�U�L�R�X�V �S�D�U�D�P�H�W�H�U�L�]�H�G
�T�X�D�Q�W�X�P �D�Q�V�l�W�]�H�� �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �S�U�R�S�H�U�W�L�H�V �R�I �G�L�I�I�H�U�H�Q�W �R�S�W�L�P�L�]�D�W�L�R�Q �V�W�U�D�W�H�J�L�H�V�� �D�Q�G �W�K�H �U�H�G�X�F�W�L�R�Q �R�I �J�D�W�H �F�R�X�Q�W�V
�L�Q �T�X�D�Q�W�X�P �F�L�U�F�X�L�W�V�� �7�K�H�V�H �V�W�X�G�L�H�V �S�U�R�Y�L�G�H �T�X�D�Q�W�L�W�D�W�L�Y�H �E�H�Q�F�K�P�D�U�N�V �I�R�U �D�V�V�H�V�V�L�Q�J �W�K�H �H�I�I�L�F�L�H�Q�F�\ �D�Q�G �V�F�D�O�D�E�L�O�L�W�\
�R�I �Y�D�U�L�D�W�L�R�Q�D�O �D�S�S�U�R�D�F�K�H�V �W�R �Q�R�Q�O�L�Q�H�D�U �G�\�Q�D�P�L�F�D�O �S�U�R�E�O�H�P�V�� �0�R�U�H�R�Y�H�U�� �W�K�H�\ �K�L�J�K�O�L�J�K�W �W�K�H �W�U�D�G�H���R�I�I�V �E�H�W�Z�H�H�Q �F�L�U��
�F�X�L�W �G�H�S�W�K�� �R�S�W�L�P�L�]�D�W�L�R�Q �D�F�F�X�U�D�F�\�� �D�Q�G �K�D�U�G�Z�D�U�H �I�H�D�V�L�E�L�O�L�W�\�� �W�K�H�U�H�E�\ �R�I�I�H�U�L�Q�J �Y�D�O�X�D�E�O�H �J�X�L�G�D�Q�F�H �I�R�U �W�K�H �G�H�V�L�J�Q �R�I
�U�H�V�R�X�U�F�H���H�I�I�L�F�L�H�Q�W �T�X�D�Q�W�X�P �D�O�J�R�U�L�W�K�P�V��

�4�X�E�L�W �V�F�D�O�L�Q�J �Y�V �S�U�R�E�O�H�P �V�L�]�H

�)�R�U �W�K�H �%�X�U�J�H�U�V �H�T�X�D�W�L�R�Q�� �Q�R�Q�O�L�Q�H�D�U�L�W�\ �L�V �D �F�R�Q�Y�H�F�W�L�R�Q���O�L�N�H �W�H�U�P�� �U�D�W�K�H�U �W�K�D�Q �D �T�X�D�G�U�D�W�L�F �W�H�U�P�� �7�K�H�U�H�I�R�U�H�� �W�K�H
�Q�X�P�E�H�U �R�I �T�X�E�L�W�Vn �V�F�D�O�H�V �D�V2�O�R�J2(N ) + 1 �� �Z�K�H�U�HN �L�V �W�K�H �Q�X�P�E�H�U �R�I �J�U�L�G �S�R�L�Q�W�V �R�I �W�K�H �S�U�R�E�O�H�P�� �*�D�W�H���O�H�Y�H�O
�V�L�P�X�O�D�W�L�R�Q�V �R�I �%�X�U�J�H�U�V �G�\�Q�D�P�L�F�V �F�D�Q �E�H �F�D�U�U�L�H�G �R�X�W �R�Q �F�O�D�V�V�L�F�D�O �F�R�P�S�X�W�H�U�V �I�R�U �V�\�V�W�H�P �V�L�]�H�V �X�S �W�RN = 2 9 �J�U�L�G
�S�R�L�Q�W�V�� �Z�K�L�O�H �V�W�D�W�H���R�I���W�K�H���D�U�W �V�X�S�H�U�F�R�P�S�X�W�H�U�V �F�D�Q �H�[�W�H�Q�G �W�K�L�V �O�L�P�L�W �W�R �D�S�S�U�R�[�L�P�D�W�H�O�\N = 2 22�� �+�R�Z�H�Y�H�U�� �V�L�Q�F�H
�G�\�Q�D�P�L�F�D�O �V�L�P�X�O�D�W�L�R�Q�V �U�H�T�X�L�U�H �W�K�H �V�R�O�X�W�L�R�Q �W�R �E�H �F�R�P�S�X�W�H�G �D�W �H�Y�H�U�\ �W�L�P�H �V�W�H�S�� �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W �H�V�F�D�O�D�W�H�V
�U�D�S�L�G�O�\ �D�Q�G �E�H�F�R�P�H�V �L�Q�I�H�D�V�L�E�O�H �I�R�U �O�D�U�J�H �V�\�V�W�H�P�V�� �&�R�Q�V�H�T�X�H�Q�W�O�\�� �R�Q�O�\ �V�P�D�O�O���V�F�D�O�H �J�D�W�H���O�H�Y�H�O �9�4�$ �V�L�P�X�O�D�W�L�R�Q�V
�Z�L�W�KN � 210 � 212 �J�U�L�G �S�R�L�Q�W�V �F�D�Q �E�H �V�L�P�X�O�D�W�H�G �R�Q �V�X�S�H�U�F�R�P�S�X�W�H�U�V �Z�L�W�K�L�Q �D �U�H�D�V�R�Q�D�E�O�H �W�L�P�H�I�U�D�P�H��

�7�K�L�V �S�U�R�M�H�F�W �U�H�F�H�L�Y�H�V �I�X�Q�G�L�Q�J �I�U�R�P �W�K�H �(�X�U�R�S�H�D�Q �8�Q�L�R�Q�¶�V �+�R�U�L�]�R�Q �������� �� �+�R�U�L�]�R�Q �(�X�U�R�S�H
�U�H�V�H�D�U�F�K �D�Q�G �L�Q�Q�R�Y�D�W�L�R�Q �D�F�W�L�R�Q�V �S�U�R�J�U�D�P�P�H �X�Q�G�H�U �*�U�D�Q�W �$�J�U�H�H�P�H�Q�W ��������������������������



�7�Z�R���T�X�E�L�W �J�D�W�H �F�R�X�Q�W

�)�R�F�X�V�L�Q�J �R�Q �W�K�H �W�X�U�E�X�O�H�Q�W �U�H�J�L�P�H �R�I �I�O�X�L�G �I�O�R�Z�� �Z�H �D�Q�D�O�\�]�H �W�K�H �W�Z�R���T�X�E�L�W �J�D�W�H �U�H�T�X�L�U�H�P�H�Q�W�V �Q�H�F�H�V�V�D�U�\ �W�R �F�D�S�W�X�U�H
�V�K�R�F�N�Z�D�Y�H �E�H�K�D�Y�L�R�U �Z�L�W�K �I�L�G�H�O�L�W�L�H�V �H�[�F�H�H�G�L�Q�J99���� �7�R �W�K�L�V �H�Q�G�� �Z�H �S�U�R�S�R�V�H�G �D�Q�G �L�Q�Y�H�V�W�L�J�D�W�H�G �O�R�Z���G�H�S�W�K �L�P��
�S�O�H�P�H�Q�W�D�W�L�R�Q�V �R�I �T�X�D�Q�W�X�P �F�L�U�F�X�L�W�V �I�R�U �V�L�P�X�O�D�W�L�Q�J �%�X�U�J�H�U�V�¶ �G�\�Q�D�P�L�F�V�� �G�H�P�R�Q�V�W�U�D�W�L�Q�J �D �W�K�U�H�H���I�R�O�G �U�H�G�X�F�W�L�R�Q �L�Q �W�K�H
�Q�X�P�E�H�U �R�I �W�Z�R���T�X�E�L�W �J�D�W�H�V �F�R�P�S�D�U�H�G �W�R �F�R�Q�Y�H�Q�W�L�R�Q�D�O �D�S�S�U�R�D�F�K�H�V�� �7�K�L�V �U�H�G�X�F�W�L�R�Q �Q�R�W �R�Q�O�\ �L�P�S�U�R�Y�H�V �V�F�D�O�D�E�L�O�L�W�\ �R�Q
�Q�H�D�U���W�H�U�P �T�X�D�Q�W�X�P �K�D�U�G�Z�D�U�H �E�X�W �D�O�V�R �P�L�W�L�J�D�W�H�V �W�K�H �L�P�S�D�F�W �R�I �Q�R�L�V�H�� �D�V �W�Z�R���T�X�E�L�W �J�D�W�H�V �D�U�H �W�\�S�L�F�D�O�O�\ �W�K�H �G�R�P�L�Q�D�Q�W
�V�R�X�U�F�H �R�I �H�U�U�R�U�� �)�X�U�W�K�H�U�P�R�U�H�� �R�X�U �U�H�V�X�O�W�V �H�V�W�D�E�O�L�V�K �W�K�D�W �Y�D�U�L�D�W�L�R�Q�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �R�I �Q�R�Q�O�L�Q�H�D�U �I�O�X�L�G �S�K�H�Q�R�P�H�Q�D
�F�D�Q �E�H �D�F�K�L�H�Y�H�G �Z�L�W�K �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �V�K�D�O�O�R�Z�H�U �F�L�U�F�X�L�W�V �W�K�D�Q �S�U�H�Y�L�R�X�V�O�\ �D�Q�W�L�F�L�S�D�W�H�G�� �W�K�H�U�H�E�\ �D�G�Y�D�Q�F�L�Q�J �W�K�H �I�H�D�V�L�E�L�O�L�W�\
�R�I �S�U�D�F�W�L�F�D�O �T�X�D�Q�W�X�P �V�L�P�X�O�D�W�L�R�Q�V �R�I �W�X�U�E�X�O�H�Q�F�H�� �L�Q �F�X�U�U�H�Q�W �1�,�6�4 �G�H�Y�L�F�H�V�� �,�Q �W�K�H �)�L�J�� ���������� �Z�H �L�O�O�X�V�W�U�D�W�H �K�R�Z �W�K�H
�W�Z�R���T�X�E�L�W �J�D�W�H �F�R�X�Q�W �V�F�D�O�H�V �Z�L�W�K �L�Q�F�U�H�D�V�L�Q�J �V�\�V�W�H�P �V�L�]�H�� �,�Q �W�K�H �F�R�Q�W�H�[�W �R�I �I�D�X�O�W���W�R�O�H�U�D�Q�W �T�X�D�Q�W�X�P �F�R�P�S�X�W�D�W�L�R�Q��
�S�H�U�I�R�U�P�D�Q�F�H �D�V�V�H�V�V�P�H�Q�W�V �D�U�H �W�\�S�L�F�D�O�O�\ �F�K�D�U�D�F�W�H�U�L�]�H�G �L�Q �W�H�U�P�V �R�I �7���J�D�W�H �F�R�X�Q�W�V�� �Z�K�L�F�K �V�H�U�Y�H �D�V �D �S�U�L�P�D�U�\ �P�H�W�U�L�F �R�I
�D�O�J�R�U�L�W�K�P�L�F �F�R�V�W�� �&�R�Q�V�H�T�X�H�Q�W�O�\�� �D�Q �H�[�W�H�Q�V�L�Y�H �U�H�V�R�X�U�F�H �D�Q�D�O�\�V�L�V �V�K�R�X�O�G �E�H �X�Q�G�H�U�W�D�N�H�Q �W�R �H�V�W�L�P�D�W�H �D�Q�G �S�U�H�G�L�F�W �W�K�H
�U�H�T�X�L�U�H�P�H�Q�W�V �I�R�U �L�P�S�O�H�P�H�Q�W�L�Q�J �4�&�)�' �Z�L�W�K�L�Q �H�U�U�R�U���F�R�U�U�H�F�W�H�G �T�X�D�Q�W�X�P �D�U�F�K�L�W�H�F�W�X�U�H�V�� �H�Q�D�E�O�L�Q�J �U�H�D�O�L�V�W�L�F �S�U�R�M�H�F�W�L�R�Q�V
�I�R�U �O�D�U�J�H���V�F�D�O�H�� �I�D�X�O�W���W�R�O�H�U�D�Q�W �G�H�S�O�R�\�P�H�Q�W�V��

�����������&�D�V�H �6�W�X�G�\ �9�,�� �&�L�U�F�X�L�W �2�S�W�L�P�L�]�D�W�L�R�Q

�4�X�D�Q�W�X�P �D�O�J�R�U�L�W�K�P�V �R�I�W�H�Q �\�L�H�O�G �F�L�U�F�X�L�W�V �Z�L�W�K �F�R�Q�V�L�G�H�U�D�E�O�H �G�H�S�W�K�� �H�V�S�H�F�L�D�O�O�\ �D�V �W�K�H �F�R�P�S�O�H�[�L�W�\ �R�I �W�K�H �F�R�P�S�X��
�W�D�W�L�R�Q�D�O �W�D�V�N �L�Q�F�U�H�D�V�H�V�� �7�K�H�V�H �G�H�H�S �F�L�U�F�X�L�W�V �W�\�S�L�F�D�O�O�\ �L�Q�Y�R�O�Y�H �K�L�J�K�O�\ �H�Q�W�D�Q�J�O�H�G �V�W�D�W�H�V �W�K�D�W �P�X�V�W �U�H�W�D�L�Q �F�R�K�H�U�H�Q�F�H
�I�R�U �H�[�W�H�Q�G�H�G �G�X�U�D�W�L�R�Q�V�� �Z�K�L�F�K �S�U�H�V�H�Q�W�V �D �P�D�M�R�U �F�K�D�O�O�H�Q�J�H �I�R�U �F�X�U�U�H�Q�W �T�X�D�Q�W�X�P �K�D�U�G�Z�D�U�H�� �&�R�Q�V�H�T�X�H�Q�W�O�\�� �U�H�G�X�F�L�Q�J
�F�L�U�F�X�L�W �G�H�S�W�K �K�D�V �E�H�F�R�P�H �D �F�H�Q�W�U�D�O �J�R�D�O �L�Q �T�X�D�Q�W�X�P �D�O�J�R�U�L�W�K�P �G�H�V�L�J�Q�� �Z�L�W�K �D �V�X�E�V�W�D�Q�W�L�D�O �E�R�G�\ �R�I �U�H�V�H�D�U�F�K �G�H�G�L�F�D�W�H�G
�W�R �W�K�L�V �S�U�R�E�O�H�P�� �2�Q�H �Z�D�\ �D �V�K�D�O�O�R�Z�H�U �G�H�S�W�K �F�D�Q �E�H �D�F�K�L�H�Y�H�G �L�V �E�\ �L�Q�F�U�H�D�V�L�Q�J �W�K�H �Q�X�P�E�H�U �R�I �T�X�E�L�W�V�� �Z�K�L�F�K �L�Q �W�X�U�Q
�R�I�W�H�Q �U�H�T�X�L�U�H�V �W�K�H �X�V�H �R�I �P�L�G���F�L�U�F�X�L�W �P�H�D�V�X�U�H�P�H�Q�W�V �D�Q�G �F�O�D�V�V�L�F�D�O�O�\ �F�R�Q�W�U�R�O�O�H�G �R�S�H�U�D�W�L�R�Q�V�� �,�Q �S�U�D�F�W�L�F�H�� �D �X�Q�L�W�D�U�\
�F�L�U�F�X�L�W �L�V �U�H�S�O�D�F�H�G �E�\ �D �Q�R�Q���X�Q�L�W�D�U�\ �F�L�U�F�X�L�W �R�I �D �O�R�Z�H�U �G�H�S�W�K �W�K�D�W �L�Q�G�X�F�H�V �H�I�I�H�F�W�L�Y�H�O�\ �W�K�H �V�D�P�H �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �R�Q �W�K�H
�U�H�O�H�Y�D�Q�W ���U�H�J�L�V�W�H�U�� �T�X�E�L�W�V��

�,�Q �W�K�H �F�D�V�H �R�I �9�4�$�V�� �W�K�L�V �V�X�E�V�W�L�W�X�W�L�R�Q �L�V �U�H�O�H�Y�D�Q�W �L�Q �W�K�H �H�P�S�O�R�\�H�G �D�Q�V�D�W�] �F�L�U�F�X�L�W�V�� �7�K�H�V�H �F�L�U�F�X�L�W�V �W�\�S�L�F�D�O�O�\
�F�R�Q�V�L�V�W �R�I �D�O�W�H�U�Q�D�W�L�Q�J �O�D�\�H�U�V �R�I �V�L�Q�J�O�H �T�X�E�L�W �U�R�W�D�W�L�R�Q�V �D�Q�G �H�Q�W�D�Q�J�O�L�Q�J �W�Z�R���T�X�E�L�W �J�D�W�H�V�� �Z�L�W�K �W�K�H �S�D�U�D�P�H�W�H�U�V �X�S�G�D�W�H�G
�L�W�H�U�D�W�L�Y�H�O�\ �E�\ �D �F�O�D�V�V�L�F�D�O �R�S�W�L�P�L�]�H�U �W�R �P�L�Q�L�P�L�]�H �D �F�R�V�W �I�X�Q�F�W�L�R�Q �V�L�P�L�O�D�U �W�R �W�K�H �R�Q�H �G�L�V�F�X�V�V�H�G �D�E�R�Y�H �I�R�U �%�X�U�J�H�U�¶�V
�G�\�Q�D�P�L�F�V�� �$ �J�H�Q�H�U�D�O �D�Q�V�D�W�] �F�L�U�F�X�L�W �L�V �S�U�H�V�H�Q�W�H�G �L�Q �)�L�J�� �����������D���� �,�Q �)�L�J�� �����������E�� �Z�H �S�U�H�V�H�Q�W �D �W�\�S�L�F�D�O �F�R�Q�I�L�J�X�U�D�W�L�R�Q
�W�K�D�W �L�V �X�V�H�G �L�Q �D�Q�V�D�W�] �F�L�U�F�X�L�W�V�� �W�K�D�W �Z�H �U�H�I�H�U �W�R �D�V�F�R�U�H�F�L�U�F�X�L�W�� �D�Q�G �L�Q �)�L�J�� �����������F�� �L�W�V �F�R�U�U�H�V�S�R�Q�G�L�Q�J �Q�R�Q���X�Q�L�W�D�U�\
�Y�H�U�V�L�R�Q �Z�L�W�K �D �F�R�Q�V�W�D�Q�W �F�L�U�F�X�L�W �G�H�S�W�K�� �)�L�Y�H �T�X�E�L�W�V �D�U�H �X�V�H�G �I�R�U �L�O�O�X�V�W�U�D�W�L�R�Q �S�X�U�S�R�V�H�V�� �K�R�Z�H�Y�H�U �W�K�H �F�R�Q�V�W�U�X�F�W�L�R�Q �L�V
�P�R�G�X�O�D�U �D�Q�G �F�D�Q �E�H �V�W�U�D�L�J�K�W�I�R�U�Z�D�U�G�O�\ �H�[�W�H�Q�G�H�G �W�R �D�Q�\ �Q�X�P�E�H�U �R�I �T�X�E�L�W�V�� �,�Q �)�L�J�� �������� �Z�H �S�U�H�V�H�Q�W �W�K�H �F�R�P�S�D�U�D�W�L�Y�H
�D�Q�D�O�\�V�L�V �E�H�W�Z�H�H�Q �W�K�H �X�Q�L�W�D�U�\ �D�Q�G �Q�R�Q���X�Q�L�W�D�U�\ �D�Q�V�D�W�] �F�L�U�F�X�L�W�V�� �%�D�V�H�G �R�Q �W�K�H�V�H �U�H�V�X�O�W�V�� �W�K�H �Q�R�Q���X�Q�L�W�D�U�\ �F�R�Q�V�W�U�X�F�W�L�R�Q
�D�S�S�H�D�U�V �W�R �E�H �S�U�H�I�H�U�D�E�O�H �I�R�U �T�X�D�Q�W�X�P �S�O�D�W�I�R�U�P�V �W�K�D�W �S�U�H�V�H�Q�W �U�H�O�D�W�L�Y�H�O�\ �O�R�Z �W�Z�R���T�X�E�L�W �H�U�U�R�U �U�D�W�H�V �D�Q�G �U�H�O�D�W�L�Y�H�O�\ �K�L�J�K
�L�G�O�L�Q�J �H�U�U�R�U �U�D�W�H�V�� �7�K�L�V �Q�R�Q���X�Q�L�W�D�U�\ �F�R�Q�V�W�U�X�F�W�L�R�Q �L�V �Q�R�W �O�L�P�L�W�H�G �W�R �W�K�H �F�R�U�H �F�L�U�F�X�L�W �V�K�R�Z�Q �L�Q �W�K�L�V �U�H�S�R�U�W �E�X�W �F�D�Q �E�H
�D�S�S�O�L�H�G �W�R �D �O�D�U�J�H�U �I�D�P�L�O�\ �R�I �F�R�U�H �F�L�U�F�X�L�W�V �D�V �O�R�Q�J �D�V �W�K�H�\ �D�U�H �F�R�Q�V�W�U�X�F�W�H�G �E�\ �D �V�H�U�L�H�V �R�I �W�Z�R���T�X�E�L�W �J�D�W�H�V �Z�K�H�U�H �R�Q�H
�V�W�D�U�W�V �D�W �W�K�H �S�R�L�Q�W �W�K�H �S�U�H�Y�L�R�X�V �H�Q�G�V �I�R�U�P�L�Q�J �D �V�W�U�X�F�W�X�U�H��
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�)�L�J�X�U�H �����������,�Q �S�D�Q�H�O ���D�� �D �J�H�Q�H�U�L�F �D�Q�V�D�W�] �F�L�U�F�X�L�W �L�V �S�U�H�V�H�Q�W�H�G�� �Z�K�H�U�H �W�K�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q �R�I �W�Z�R���T�X�E�L�W �J�D�W�H�V �I�R�U �H�D�F�K �O�D�\�H�U �L�V
�U�H�I�H�U�U�H�G �W�R �D�V �F�R�U�H�� �,�Q �S�D�Q�H�O ���E�� �D �W�\�S�L�F�D�O �F�R�U�H �F�L�U�F�X�L�W �L�V �V�K�R�Z�Q�� �Z�K�L�F�K �L�V �D �X�Q�L�W�D�U�\ �S�U�R�F�H�V�V�� �,�Q �S�D�Q�H�O ���F�� �D �Q�R�Q���X�Q�L�W�D�U�\ �S�U�R�F�H�V�V �L�V
�S�U�H�V�H�Q�W�H�G �W�K�D�W �L�Q�G�X�F�H�V �W�K�H �V�D�P�H �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �D�V �W�K�H �F�L�U�F�X�L�W �L�Q �S�D�Q�H�O ���E����

�)�L�J�X�U�H �����������,�Q �S�D�Q�H�O ���D�� �W�Z�R �S�O�R�W�V �D�U�H �S�U�H�V�H�Q�W�H�G �I�R�U �W�K�H �X�Q�L�W�D�U�\ �D�Q�G �W�K�H �Q�R�Q���X�Q�L�W�D�U�\ �Y�H�U�V�L�R�Q �R�I �������T�X�E�L�W �F�R�U�H �F�L�U�F�X�L�W �V�K�R�Z�Q �L�Q
�)�L�J�� �����������E���� �%�R�W�K �K�D�Y�H �W�K�H �V�D�P�H �U�D�Q�J�H �L�Q �W�H�U�P�V �R�I �L�G�O�L�Q�J �H�U�U�R�U �S�U�R�E�D�E�L�O�L�W�\ �D�Q�G �&�; �H�U�U�R�U �S�U�R�E�D�E�L�O�L�W�\�� ���H���� �W�R ���H���� �D�Q�G ���H���� �W�R
���H������ �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H �F�R�O�R�U�E�D�U �F�R�U�U�H�V�S�R�Q�G�V �W�R �E�R�W�K �S�O�R�W�V �D�Q�G �L�Q�G�L�F�D�W�H�V �W�K�H �O�R�Z�H�U �E�R�X�Q�G �R�I �S�U�R�F�H�V�V �I�L�G�H�O�L�W�\ �R�I �W�K�H �H�Q�W�L�U�H �F�L�U�F�X�L�W��
�Z�K�L�F�K �D�S�S�H�D�U�V �W�R �E�H �D�W �L�W�V �K�L�J�K�H�V�W �I�R�U �W�K�H �X�Q�L�W�D�U�\ �F�L�U�F�X�L�W �Z�K�H�Q �L�G�O�L�Q�J �H�U�U�R�U �S�U�R�E�D�E�L�O�L�W�\ �L�V �O�R�Z�� �D�Q�G �I�R�U �W�K�H �Q�R�Q���X�Q�L�W�D�U�\ �F�L�U�F�X�L�W
�Z�K�H�Q �&�; �H�U�U�R�U �S�U�R�E�D�E�L�O�L�W�\ �L�V �O�R�Z�� �,�Q �S�D�Q�H�O ���E�� �W�K�H �G�L�I�I�H�U�H�Q�F�H �R�I �W�K�H �S�U�R�F�H�V�V �I�L�G�H�O�L�W�L�H�V �L�V �V�K�R�Z�Q��� �)�L�G�H�O�L�W�\�� �Z�K�H�U�H �S�R�V�L�W�L�Y�H ���U�H�G��
�L�Q�G�L�F�D�W�H�V �D�Q �D�G�Y�D�Q�W�D�J�H �I�R�U �W�K�H �X�Q�L�W�D�U�\ �F�L�U�F�X�L�W �D�Q�G �Q�H�J�D�W�L�Y�H ���E�O�X�H�� �I�R�U �W�K�H �Q�R�Q���X�Q�L�W�D�U�\ �R�Q�H�� �)�L�Q�D�O�O�\�� �L�Q �S�D�Q�H�O ���F�� �Z�H �S�U�H�V�H�Q�W �W�K�H
� �)�L�G�H�O�L�W�\ �D�J�D�L�Q�V�W �W�K�H �Q�X�P�E�H�U �R�I �U�H�J�L�V�W�H�U �T�X�E�L�W�V �I�R�U �Q�L�Q�H �G�L�I�I�H�U�H�Q�W �H�U�U�R�U �S�U�R�E�D�E�L�O�L�W�L�H�V�� �Z�K�L�F�K �D�U�H �D�O�V�R �L�Q�G�L�F�D�W�H�G �D�V �F�R�O�R�U�H�G �G�R�W�V
�R�Q �W�K�H �S�O�R�W �R�I �S�D�Q�H�O ���E����
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�,�Q �S�H�U�I�R�U�P�L�Q�J �9�4�$�� �I�R�U �W�K�H �Y�D�U�L�D�W�L�R�Q�D�O �F�L�U�F�X�L�W �W�R �F�R�Q�W�D�L�Q �W�K�H �V�R�O�X�W�L�R�Q�� �L�W �P�X�V�W �E�H �V�X�I�I�L�F�L�H�Q�W�O�\ �I�O�H�[�L�E�O�H �W�R �H�[�S�O�R�U�H
�D �Z�L�G�H �U�D�Q�J�H �R�I �S�R�V�V�L�E�O�H �V�R�O�X�W�L�R�Q�V ���H�[�S�U�H�V�V�L�E�L�O�L�W�\���� �Z�K�L�O�H �D�O�V�R �H�Q�V�X�U�L�Q�J �W�K�H �S�D�U�D�P�H�W�H�U�V �D�U�H �Q�R�W �U�H�G�X�Q�G�D�Q�W�� �Z�K�L�F�K
�Z�R�X�O�G �O�H�D�G �W�R �R�Y�H�U�S�D�U�D�P�H�W�H�U�L�]�D�W�L�R�Q �� �,�Q �9�4�$�V�� �W�K�H�U�H�I�R�U�H�� �R�Q�H �P�X�V�W �F�R�Q�V�L�G�H�U �W�K�H �W�U�D�G�H���R�I�I �E�H�W�Z�H�H�Q �W�K�H �H�[�S�U�H�V�V�L�E�L�O�L�W�\
�R�I �D�Q �D�Q�V�D�W�] �D�Q�G �W�K�H �W�U�D�L�Q�D�E�L�O�L�W�\ �R�I �L�W�V �S�D�U�D�P�H�W�H�U�V�� �$ �S�D�U�D�P�H�W�H�U�L�]�H�G �T�X�D�Q�W�X�P �F�L�U�F�X�L�W �W�K�D�W �L�V �W�R�R �V�K�D�O�O�R�Z �P�D�\ �Q�R�W
�K�D�Y�H �W�K�H �F�D�S�D�F�L�W�\ �W�R �U�H�S�U�H�V�H�Q�W �W�K�H �V�R�O�X�W�L�R�Q �Z�L�W�K�L�Q �L�W�V �D�F�F�H�V�V�L�E�O�H �P�D�Q�L�I�R�O�G�� �&�R�Q�Y�H�U�V�H�O�\�� �D �G�H�H�S �F�L�U�F�X�L�W �F�D�Q �O�H�D�G �W�R �D
�O�R�F�D�O�O�\ �U�D�Q�G�R�P �V�W�U�X�F�W�X�U�H �W�K�D�W �F�D�X�V�H�V �D �E�D�U�U�H�Q �S�O�D�W�H�D�X�� �D �S�D�U�D�P�H�W�H�U �U�H�J�L�P�H �Z�K�H�U�H �W�K�H �F�R�V�W �I�X�Q�F�W�L�R�Q �J�U�D�G�L�H�Q�W �Y�D�Q�L�V�K�H�V
�H�[�S�R�Q�H�Q�W�L�D�O�O�\ �Z�L�W�K �W�K�H �Q�X�P�E�H�U �R�I �T�X�E�L�W�V�� �P�D�N�L�Q�J �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �X�Q�W�U�D�L�Q�D�E�O�H ���V�H�H �)�L�J�� ���������D �I�R�U �V�F�K�H�P�D�W�L�F�V �R�Q
�F�L�U�F�X�L�W �G�H�S�W�K�� �F�R�U�U�H�O�D�W�L�R�Q �V�S�U�H�D�G�L�Q�J�� �R�Y�H�U�S�D�U�D�P�H�W�H�U�L�]�D�W�L�R�Q�� �D�Q�G �H�P�H�U�J�H�Q�F�H �R�I �D �E�D�U�U�H�Q �S�O�D�W�H�D�X���� �,�G�H�D�O�O�\�� �W�K�H�Q�� �R�Q�H
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