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Executive Summary

The Quantum Computational Fluid Dynamics (QCFD) project is dedicated to advance quantum com-
puting for Computational Fluid Dynamics (CFD) simulations and their use in industry.

The deliverable D2.1 provides input to the work packages 3, 4, 5, 6, and 7 as part of Work Pack-
age 2 (WP2) ("Industry involvement"). This comprises a set of both fundamental and advanced CFD
benchmarks, along with initial application-oriented examples and their solutions using conventional CFD
methods, some of which are complemented by additional quantum-based approaches.

In accordance with the Data Management Plan (DMP), D2.1 follows the FAIR data principles { Find-
ability, Accessibility, Interoperability, and Reusability { the associated datasets are provided with a
detailed metadata structure, unique identi�ers, and the corresponding documentation. This ensures
that the data is easily accessible and usable by third parties. Public access is granted via a ded-
icated research data repository (FDR) hosted at the University of Hamburg (UHH), www.fdr.uni-
hamburg.de/communities/qcfd/. To make it easier for users to �nd the data, all datasets belonging
to the project are collected in a QCFD community group on the mentioned data server.
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1 Introduction

The use of digital computation has turned Computational Fluid Dynamics (CFD) into an essential tool
in nowadays engineering. Innovations in computer science and engineering aim to resolve ever smaller
spatial and temporal scales in order to advance the in-depth analysis of the respective problem. This
leads to a non-linear increase in computational requirements, i.e., 
oating-point operations per unit of
time and storage capacity. Since the progress of classic hardware in further reducing transistor size and
thereby achieving higher computing power is slowing down signi�cantly, it is assumed that there is a
limit to the performance increase of classic hardware. Therefore, a paradigm change in computational
strategies is needed. To this end, quantum computers o�er computational resources beyond any classical
performance while maintaining energy e�ciency.

To bridge the gap between quantum mechanics and CFD and to supply references to novel algorithms
solving engineering problems on current noise intermediate-scale quantum (NISQ) hardware and future
fault-tolerant devices, deliverable D2.1 selects case studies to provide CFD data obtained from classical
grid-based CFD methods as a benchmark for quantum CFD algorithms.

It is important to understand that quantum algorithms are in their infancy and face signi�cant challenges
when it comes to exploiting hardware advantages in technical 
ows. Therefore, the limitations on the
Technical Readiness (TR)-level, the algorithms, and the developing hardware are considered when cre-
ating the test cases for quantum CFD, which represents the state-of-the-art at the time the deliverable
D2.1 was created. In general, quantum computing-based approaches remain in computational terms
very expensive due to current hardware limitations. As a result, coarse spatial resolutions have been
adopted for the development of the associated algorithms and their benchmarking. Consequently, the
applications presented here are not complex when compared to well-established classical CFD since the
algorithms are designed to be applied to the available quantum (emulating) hardware. Thus, terms such
as \advanced" or \complex" should be understood in a relative sense, and D2.1 is designed to re
ect
what is currently possible with quantum methods when applied to CFD problems.

In contrast, higher resolutions can be achieved using quantum-inspired methods, such as Matrix Prod-
uct State (MPS) techniques, without necessarily relying on quantum hardware. Another case where
higher resolution and multi-dimensions are possible is the application of fault-tolerant algorithms that
often rely on time-evolution schemes and are in principle more robust, allowing the treatment of larger
systems. The cases documented in D2.1 are intended to support all of these quantum computing appli-
cations, highlighting the project's multidirectional research strategy. In the ideal scenario in which the
QCFD project could address complex multiphysics problems, such as those encountered in the design
of battery electric vehicles (BEVs), a representative case for its benchmarking has already been included.

Given the close connection between quantum algorithms and analogous classical CFD algorithms, the
consortium believes it is essential to compare quantum results with classical techniques regardless of
numerical resolution.

As already mentioned, challenges related to scalable quantum algorithms, as well as limitations in quan-
tum hardware and its emulation, restrict both the achievable resolution and the level of complexity for
the developed methods. For this reason, a direct comparison between the performance of quantum and
classical algorithms is not considered meaningful at this point of the project, also because quantum
algorithms are still incomplete, largely unoptimized, and in an early stage of maturity. In addition, any
potential quantum advantage is expected to emerge at larger scales. Accordingly, the objective of D2.1
is not to benchmark quantum advantage, but rather to support the development of quantum algorithms.
The presented data should serve as a basis for assessing methodological di�erences, without providing
insight into quantum hardware performance.

Detailed, dataset-speci�c documentation is provided to facilitate interpretation and clarify the usabil-
ity of the data. Each dataset is supplemented with metadata, including parameters, software versions,
library dependencies, and simulation time frames. Furthermore, the datasets are classi�ed through a
keyword-based search system that incorporates Digital Object Identi�ers (DOIs). Through this docu-
mentation approach, we aim to ensure the reproducibility of our methods, while enhancing accessibility
for both scienti�c and industrial research. In accordance with the de�ned Data Management strategy,
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the complete dataset is made available in a dedicated research data repository (FDR) hosted by the
University of Hamburg (UHH): www.fdr.uni-hamburg.de/communities/qcfd/, and it is associated with
the QCFD project community.
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2 Data Description

Deliverable 2.1 is built on the foundation of D1.1 [1] to benchmark newly developed QCFD methods
and provides a dataset obtained from classical CFD applications, including mesh-based Finite Di�erence
(FD) or Finite Volume (FV) simulation methods. Where available, quantum results obtained within
the project, i.e., together with publications, will be listed as additional datasets. Only examples from
structured grids are considered, distinguishing between (a) the spatial dimension of the problem, (b)
the time dependence of the problem, (c) the number of (coupled) equations { i.e., the single-/multi-
physics approach, (d) the non-/linearity of the underlying equation, (e) the in
uence of turbulence, (f)
the available number of di�erent resolutions/grids, (g) the scienti�c and industrial relevance, (h) the
availability of quantum results, and (i) the speci�c focus of the respective case.

The remainder of this section provides information on the data processing pipeline, quality and accuracy
requirements, as well as the suggested performance indicators (e.g., fail/pass criteria; see Section 2.2).

2.1 Accuracy

Accurate data is fundamental to e�ective and reliable benchmarking, and is therefore a key component
of deliverable D2.1. The standards used are given below:

ˆ List of �le formats with the corresponding accuracy, accessible without compression

{ python-numpy std �le format (*npy)

{ hierarchical data format version 5 (*hdf5)

{ openFOAM std �le format (*foam)

{ : : :

ˆ Double-precision 
oating-point number format

ˆ For complex numbers, the 53-bit signi�cant precision of 16 decimal digits is divided between real
and imaginary parts.

2.2 Assessment Criteria

ˆ Absolute error: measure of the deviation between two paired variables.

ˆ L2 (or Euclidean) norm: in general, a norm consists of a function mapping from a vector space to
a non-negative real number. In particular, the L2-norm is de�ned as the square root of the scalar
product of a vector with itself.

ˆ Fidelity: often understood as a similarity measure and formed by the scalar product of two nor-
malized vectors.

ˆ Trace distance: a measure of how distinguishable two quantum states are. For pure quantum
states, the trace distance is de�ned as the square root of one minus the �delity.

This project receives funding from the European Union's Horizon 2020 HORIZON
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3 Cases

This section presents the benchmark cases included in D2.1. They were selected to represent di�erent
research strands of the QCFD project, while also drawing on industrial applications. To this end, WP2's
�rst task involves a hierarchical iteration between industry partners and quantum experts to determine
key performance indicators (KPIs) for identifying useful benchmark test cases. Based on the KPI-based
analysis, multiple test cases have been identi�ed which are organized into three main categories based on
their spatial dimensionality, i.e., 1D cases, 2D problems, and 3D applications. Each category is further
subdivided into subsections containing individual benchmarks that are identi�ed by a unique DOI.

From a thermo
uid dynamic point of view, the benchmark cases are characterized by non-dimensional
parameters, viz.

ˆ Reynolds number Re = u L
� = inertial force

viscous force with characteristic velocity u [m=s], characteristic length
L [m], and kinematic viscosity � [m 2=s]

ˆ Nusselt number Nu = h L
k = convective heat transfer

conductive heat transfer with heat transfer coe�cient h [W=(m 2K)],
characteristic length L [m], and thermal conductivity k [W=(mK)]

ˆ Peclet number Pe = u L
� = advection transport

di�usive transport with characteristic velocity u [m=s], characteristic
length L [m], and kinematic di�usivity � [m 2=s]

ˆ Rayleigh number Ra = (�T=T ) l 3 g
� � = time scale of di�usive thermal transport

time scale of convective thermal transport with kinematic viscosity
� [m 2=s], thermal di�usivity � [m 2=s], temperature di�erence �T [K], gravitational acceleration
g [m=s2], distance l [m], and temperature T [K]

3.1 1D Cases

This �rst category includes steady and transient heat conduction problems. These cases are well-
established 1D examples usually governed by a single di�erential equation and solved using FD methods.
To limit the hardware e�ort and ensure reproducibility on current quantum devices, relatively coarse
discretizations are used.

A detailed description of the corresponding numerical experiments is provided below. As the algorithmic
framework is the focal point of the one-dimensional cases, a grid sensitivity study is omitted. Table 1
summarizes the characteristics of the 1D test cases, including a brief description of their main focus and
engineering relevance. The key aspects include (1) boundary conditions, (2) technically more relvant
inhomogeneous material, and (3) transient behavior. The governing equations comprise di�usion (D),
and unsteady di�usion (uD). In addition to the classical approach (FD), the table may also include
results obtained using quantum methods (Q).

Table 1: Summary of the selected 1D cases.

1D Cases Eqn. Spatial Temporal #Eqn. non/linear Flow #Grids Num. Focus Ind.Relev.

Inhomo. Di�. uD 1D steady 1 linear laminar - FD+Q (1,2,3) 40 %
Poisson Eqn. D 1D unsteady 1 linear laminar - FD (1,2) 35 %

3.1.1 Transient Heat Conduction with Non-Uniform Di�usivity

This section presents the results obtained using the classical FD approach for heat transfer problems
with inhomogeneous di�usivity on a one-dimensional spatial domain 
. Unsteady heat conduction is
governed by a second-order linear Partial Di�erential Equation (PDE), which commonly appears in CFD.
We employ a non-dimensional formulation, introducing dimensionless spatial and temporal variables
~x 2 [~x0; ~x1] and ~t 2 [0; Te]. The corresponding non-dimensional coordinates are de�ned as x = ~x=L,
where L = ~x 1 �~x 0, and t = ~t=Te, where Te is a characteristic time scale. The material property is spatially
varying and is represented by the dimensionless thermal di�usivity �(x) = ~�(x)=(V L), where ~�(x) has
units of [m2=s], and V and L are characteristic velocity and length scales, respectively. The governing
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second-order PDE describing the temporal evolution of the dimensionless temperature T =~T=Tref is
formulated as

@T
@t

�
@

@x

�
�(x)

@T
@x

�
= 0 in 
 T := (0; 1) � (0; T e] ;

T (x; t) = T BC on @
 ;

T (x; t) = T 0 at t = 0 :

(1)

Equation (1) is solved on the unit space-time domain 
T . The domain is discretized using Np + 2
equidistantly sampling points xk : k 2 [0; N p + 1] and N t + 1 equidistant time instants t l : l 2 [0; N t ].
The corresponding spatial and temporal step sizes are denoted by �x and �t, respectively. A distinction
is made between interior grid points, at which Equation (1) is evaluated, and boundary (ghost) points
(x 0; xN p +1 ), which are introduced to enforce the boundary conditions. The discrete form of Equation (1)
is obtained by approximating the temporal derivative using a backward �nite di�erence (FD) scheme,

@y
@t

=
yl � y l�1

�t
+ O(�t) : (2)

Inhomogeneous material properties, such as a spatially varying thermal di�usivity �(x), frequently occur
in engineering applications. To illustrate how such cases can be implemented in a discrete framework,
a periodic di�usion operator is considered in the following. The spatial derivatives are approximated
through a successive application of backward (outer) and forward (inner) FD schemes, resulting in the
following matrix characterizing the dynamics at the interior points

1

�x 2

2

6
6
6
4

1 0 : : : �1
�1 1 : : : 0

. . .
. . .

0 : : : �1 1

3

7
7
7
5

| {z }
backward (outer) FD

2

6
6
6
4

� 1 0 : : : 0
0 � 2 : : : 0

. . .
0 : : : 0 � N p

3

7
7
7
5

2

6
6
6
4

�1 1 : : : 0
�1 1

. . .
. . .

1 : : : 0 �1

3

7
7
7
5

| {z }
forward (inner) FD

2
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6
6
4

y1

y2
...

yN p

3

7
7
7
5

=
1

�x 2

2

6
6
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4

�(� N p + � 1) � 1 : : : � N p

� 1 �(� 1 + � 2) � 2 0
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. . .
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3
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5
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4
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...

yN p
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7
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5

�
@

@x

�
�(x)

@
@x

y(x; t)
�

:

(3)

This �rst benchmark considers Dirichlet boundary conditions imposed at both ends of the domain, with
T jx=0 = 0 and T j x=1 = 1, and an initial temperature distribution given by T (x; t = 0) = 0. The simula-
tions are performed using a total of Np = 16 and Np = 64 interior points, plus the two ghost points at
the boundaries. The thermal di�usivity �(x) follows a Gaussian pro�le with a maximum at the center
of the domain, namely �(x) = 1 + exp

�
� 100 (0:5 � x) 2

�
. The spatially varying heat 
ux is represented

through the contributions �� k�1 � � k and � k , as given in Equation (3).

Figure 1 illustrates the results obtained using the classical FD approach with a constant time step of
�t = 0:018, independent of the discretization. The spatio-temporal evolution of the predicted tem-
perature T (x; t) for N t + 1 = 40 time steps and Np = 64 is shown in Figure 1a, where the abscissa
represents the spatial coordinate and the ordinate represents the normalized time. Figure 1b also shows
spatial temperature pro�les obtained for N p = 16, at six representative time instants. The slope of the
steady-state pro�les is reduced by half in the center of the domain due to the doubling of the di�usivity �.

The complete data of this benchmark case can be found at the following link doi.org/10.25592/uhhfdm.16634
and it is part of a publication in the engineering journal AIAA, cf. Ref. [2].

3.1.2 Non-constant material and grid in Poisson equation

In this section, we consider the one-dimensional Poisson equation governing a steady di�usion problem
de�ned on the unit interval x 2 (0; 1), viz.

�
d

dx

�
�(x)

d�
dx

�
= f (x) ; (4)
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(a) FD predicted temperature evolution for N p = 64
with lines and symbols marking the equidistant time
instants used to extract spatial temperature pro�les
in Sub�g. (b).

(b) Spatial temperature pro�les computed by the FD
method for N p = 64 at the six time instants given in
Sub�g. (a).

Figure 1: Transient heat conduction results on Np = 64 interior points.

where �(x) > 0 is the spatially varying material property (di�usion coe�cient), �(x) is the unknown
function, and f(x) is a given source term. The boundary conditions are given by �(0) = � 0, �(1) = � 1 ,
with prescribed constants � 0 and � 1. The domain is discretised using an inhomogeneous mesh consisting
of Np + 2 nodes with coordinates 0 < x0 < x 1 < � � � < x N p < 1. We distinguish between interior points
Np and ghost (boundary) points, which serve to introduce boundary conditions. Generally, variables
located at the boundaries can either be part of the unknowns or moved to the right-hand side. In the
latter case, employed here, the boundary conditions are represented by the in
uence of prescribed ghost
point variables on the interior point approximations. In the case of Neumann or Robin conditions, this
usually involves the additional discretization of the spatial derivative. This technique allows us to align
with VQA-development of WP3 as well as existing literature [2, 3, 4, 5]. We approximate the di�erential
operator by applying the �nite di�erence method on the non-uniform grid. To this end, we employ
�rst-order accurate central di�erences and discretize the Equation (4) following the product rule. The
discretised equation at the interior node i is given by

�
1

�x i

�
� i+1=2

� i+1 � � i

�x i

�
+

1
�x i�1

�
� i�1=2

� i � � i�1

�x i�1

�
= f i ; (5)

where the half-node di�usivities are de�ned as � i+1=2 = �
�

x i +x i+1

2

�
:

Rearranging the discrete problem into a matrix/vector format, leads to a linear system of equations
written as A� = f , where the unknown vector is � = (� 1; � 2; : : : ; � N p )T , and the matrix A 2 R N p �N p is
a sparse tridiagonal matrix representing the discretised operator incorporating the variable coe�cients
and non-uniform spacing. For benchmarking purposes, consider �(x) = 1 + exp

�
� 100 (0:5 � x) 2

�
, with

homogeneous boundary conditions �0 = 0, � 1 = 0. The domain is discretised with Np = 2 n nodes, where
n = 2; 4; 6 and 8, using an inhomogeneous discretization described by

�x i = 1:2�x i�1 : (6)

The results for the four discretizations are obtained by solving with the matrix inverse, viz. A�1 f = �,
and are illustrated in Figure 2. The displayed results are obtained for a coarse grid, featuring Np = 4
interior points, a medium grid with N p = 16 interior points, a �ne N p = 64 discretization, and an
extra �ne grid, featuring N p = 256 interior points. For an application on quantum computers, the
inhomogeneous structure of the matrix A is particularly challenging and a focal point of this benchmark.
The benchmark-related data is accessible via the DOI:doi.org/10.25592/uhhfdm.18563.
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Figure 2: FD predicted spatial distribution of � for N p = 4 (blue) ; 16 (orange) ; 64 (green) and
128 (red) points. Symbols mark the discrete locations.

3.2 2D Problems

This second section presents the results obtained from selected two-dimensional (2D) benchmark cases
relevant to thermo-
uid dynamic computational simulations. The chosen examples serve as a standard-
ized test set for validating quantum algorithms for 2D 
ow and heat transfer problems. In addition to
classical FD approaches, results obtained from Finite Volume (FV) methods are included.

As the �rst application pointing towards �nal battery cooling, the consortium has addressed the double-
bent channel 
ow simulation. To this end, the initial case in D1.1 [1] was taken up again, in which the
geometry was discretized by a Cartesian grid and modeled by an immersed boundary approach, and sim-
ulated with an FV discretization. To ensure numerical robustness and reliability, a comprehensive grid
sensitivity study accompanies this test case. Furthermore, body-�tted, curvilinear grids are addressed
in Sec. 3.2.3.

Table 2 summarizes the key attributes of all 2D benchmark problems, highlighting their physical model-
ing focus and engineering relevance. The benchmarks address several critical phenomena, including: (1)
boundary conditions, (2) non-homogeneous meshes, (3) non-homogeneous advection e�ects, (4) transient
and unsteady 
ow behavior, (5) interplay between advection and di�usion, (6) nonlinear 
ow dynamics,
and (7) multiphysics modeling of conjugate heat transfer between 
uid and solid. The governing equa-
tions encompass a range of problem types, denoted as di�usion (D), unsteady di�usion (uD), unsteady
advection-di�usion (uAD), unsteady convection-di�usion (uCD), and conjugate heat transfer (CH). In
addition to standard numerical techniques such as Finite Di�erence (FD) and Finite Volume (FV) meth-
ods, the table also includes references to comparative results obtained using quantum computer-based
methods (Q).

Table 2: Summary of selected 2D cases.

2D Cases Eqn. Spatial Temporal #Eqn. non/linear Flow #Grids Num. Focus Ind.Relev.

TGV Adv. Di�. uAD 2D unsteady 1 linear laminar - FD+Q 3,5 55%
Heat Conduc. uD 2D unsteady 1 linear laminar - FD+Q 1,4 60%
Curvilinear cases uCD 2D unsteady 2 nonlinear laminar 3 FD+Q 1,2,6 65%
S-Bent Ducts CD 2D steady 2 nonlinear laminar 3 FV 1,6,7 90%
Buoyancy Flows uCD/CH 2D unsteady 3 nonlinear turbulent (Ra � 10 8) 2 FV 1,4,6,7 85%

3.2.1 Taylor-Green Vortex-like advection-di�usion problem

A prominent PDE in 
uid dynamics is the advection-di�usion equation, which has also been covered in
Ref. [6]. This passive scalar transport equation reads

@�
@t

+ ~v � r� = Dr 2� ; (7)

which describes the advection of a scalar quantity �(x; t) by an incompressible velocity �eld ~v(x) in
a medium with di�usivity D. The incompressibility condition enforces r � ~v = 0. The spatial do-
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main is assumed to be two-dimensional, periodic over x; y 2 [0; 2�), with the coordinates x = [x; y]T

and discretized equidistantly using
p

Np supporting points per dimension. For spatial discretization of
Equation (7), �rst-order central and second-order central FD schemes are employed to transform the
PDE into a system of ordinary di�erential equations (ODEs)

d~�
dt

= M ~� ; (8)

where ~�(t) is the discrete scalar �eld vector and M is a matrix encoding the discretized advection and
di�usion operators. Time integration can be performed using an explicit time-marching scheme such as
the forward Euler method, which updates the scalar �eld by ~�(t + �t) = A ~�(t); with A = I + M�t ;
where I is the identity matrix and �t is the time step size. For spatial and temporal constant velocity,
the explicit matrix A takes a banded form

A =

2

6
6
6
6
6
6
6
4

1 � 2r d r d � r a
2 0 rd + r a

2

r d + r a
2

. . .
. . . 0

. . .
. . .

. . .

0
. . .

. . . r d � r a
2

r d � r a
2 0 rd + r a

2 1 � 2r d

3

7
7
7
7
7
7
7
5

; (9)

where ra = v�t=�x and r d = D�t=(�x) 2 are the advective and di�usive stability parameters, respec-
tively.

For illustrative purposes, the domain is discretized on a 64 � 64 uniform grid, yielding N p = 4096
points. In quantum simulation terms, this would correspond to a 12-qubit quantum register. The scalar
�eld �(x; y; 0) is initialized proportionally to sin(x + y) + 1 and normalized to have unit norm, i.e.,
~�(0) / sin(x + y) + 1 with k ~�(0)k = 1. Furthermore, the velocity �eld is initialized over the periodic
domain [0; 2�)�[0; 2�) like a two-dimensional Taylor-Green vortex problem as it is illustrated in Figure 3,
de�ned by the steady velocity

~v(x; y) =
�

sin(x) cos(y)
� cos(x) sin(y)

�
: (10)

Figure 3: Steady TGV-like velocity �eld ~v(x; y).

The simulation employs an explicit forward Euler time stepping and runs for a total number of Nt = 1400
time steps. The stability parameters are set to ensure numerical convergence, such that the maximal
advective Courant number is max(ra) = 0:1 and the di�usive stability parameter r d = 0:1. The P�eclet
number, representing the ratio of advective to di�usive transport, is estimated as

Pe =
vrms �

D
= 23 ; (11)
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where the root-mean-square velocity is vrms = 1=
p

2. This indicates that the advection dominates the
transport process, while di�usion plays a role at larger time scales.

The results from the classical numerical simulation, applying the matrix A directly, reveal that the scalar
�eld evolves toward a spatially uniform steady state equal to the spatial mean of the initial condition
mean(~�(0)). The contour evolution plots in Figure 4 illustrate the gradual advection-driven stirring of
the scalar �eld by the Taylor-Green vortex, with di�usion smoothing gradients over time. The stability
and �delity of the forward Euler time marching scheme demonstrate the suitability of this approach
for simulating advection-di�usion phenomena in 2D 
uid 
ows, and provide a platform to benchmark
emerging quantum algorithms for PDE simulation.

The data is accessible via the DOI: doi.org/10.25592/uhhfdm.18565 and has been utilized in Ref. [6],
published in Physical Review A, for benchmarking.

Figure 4: Solutions for the tracer scalar � transported by a TGV-like velocity �eld ~v(x), illustrated for
N t = 0; 140; 280; and 1400 time steps.

3.2.2 Unsteady Heat Equation including Boundary conditions

Consider a two-dimensional spatial domain with coordinates ~x 2 [0; 1] � [0; 1] [m], time t 2 [0; T ) [s], a
scalar temperature �eld T [K], and a constant dynamic viscosity D [m2/s]. The dynamics of the system
are governed by the unsteady di�usion equation, for instance, describing heat conduction, viz.

@�
@t

� D r 2� = 0 : (12)

This parabolic PDE is discretized using uniform and isotropic spatial and temporal grid spacings �x [m]
and temporal �t [s], with N = N d

x1
spatial points and Nt time steps, respectively. For clarity, the

discretization of Equation (12) is presented for the one-dimensional case, using Nx1 = d
p

N grid points.
The di�erential operators are approximated using a �rst-order explicit forward Euler scheme in time and
second-order central FDs in space. In addition, periodic boundary conditions are assumed for simplicity.
Under these assumptions, the discrete form of Equation (12) can be written as

� t+1
j � � t

j

�t
� D

� t
j+1 � 2� t

j + � t
j�1

�x 2 = 0 : (13)

Rewriting the discretized system into a matrix/vector format results in a matrix A 2 R N�N , viz.

A =

2

6
6
6
6
6
6
6
4

1� 2r h r h 0 rh

r h 1� 2r h
. . . 0

. . .
. . .

. . .

0
. . . 1� 2r h r h

r h 0 rh 1� 2r h

3

7
7
7
7
7
7
7
5

; (14)

which acts as the time-marching operator in �(t + �t) = A�(t). The dimensionless parameter r h =
D �t=�x 2 [-] de�nes the spatio-temporal di�usion behavior.

Using this time-marching formulation, Equation (13) is advanced sequentially in time. The choice of time
step is constrained by stability requirements determined by rh . This imposes a convergence condition
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on the numerical scheme applied to the resulting system of ODEs, requiring that all solution remain
bounded by values below one throughout the entire simulation.

The method of images imposes boundary conditions by extending the �eld through re
ections at the
domain boundaries, making use of the symmetric and antisymmetric characteristics of Neumann and
Dirichlet conditions, respectively. This procedure results in a doubling of the degrees of freedom for
each non-periodic dimension, which reduces its e�ciency in classical computational settings. On a quan-
tum computer, however, such symmetry-based re
ections can be realized more e�ciently by allocating
a single qubit per non-periodic dimension, thereby leveraging exponential scaling. This approach allows
boundary conditions to be incorporated via either even (sign-preserving) or odd (sign-changing) symme-
try between neighboring points, while still utilizing discrete periodic operators.

Table 3: Boundary modi�cations on the matrix A in Equation (14)

a1;1 a1;N aN;1 aN;N

Periodic 1�2r h r h r h 1�2r h

Dirichlet 1�2r h 0 0 1�2r h

Neumann 1�r h 0 0 1�r h

The implementation of boundary conditions using the method of images is examined for homogeneous
Neumann, Dirichlet, and mixed boundary types. For all cases, the initial condition at t = 0 is de�ned by
a two-dimensional Gaussian perturbation of the form �(~x) = exp

�
� 200(x 1 � 0:25) 2 � 200(x 2 � 0:25) 2

�
,

located in the lower-left region of the domain.

The FD results for T t with homogeneous Neumann conditions computed for Nt = 12000 explicit time
steps with rh = 0:2 are depicted in Figure 5. The even (symmetric) re
ection on the three additional
quadrants II, III, and IV, is not shown in Figure 5, only the domain of interest is given. The full resolution
contains 128 � 128 grid points, where N = 64 � 64 points correspond to the (non-re
ected) domain of
interest in quadrant I.

Figure 5: FD results for the temperature �eld T t governed by the two-dimensional heat equation (Equa-
tion (12)) with homogeneous Neumann boundary conditions enforced by the method of images. Results
refer to 128 � 128 grid points (including re
ection quadrants) obtained from simulation for N t = 12000
time steps with r h = 0:2.

Homogeneous Dirichlet boundary conditions are implemented by adapting the type of re
ection used. In
particular, the method of images applies an odd (antisymmetric) re
ection to the initial conditions. The
full computational domain is resolved with 128�128 grid points, of which N = 64�64 are dedicated to the
quadrant of interest (quadrant I). The numerical solution of Equation (13) is advanced over Nt = 12000
time steps in combination with r h = 0:2. The resulting evolution of T t is depicted in Figure 6 at four
representative time instants (Nt = 0; 300; 1000 and 12000) of the FD temporal simulation in quadrant
I.
To conclude, homogeneous mixed boundary conditions are simulated with the previously described
method. In the con�guration studied, Neumann conditions are imposed on the boundaries with out-
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Figure 6: Benchmarking of FD results for the two-dimensional heat equation (Equation (12)) with
homogeneous Dirichlet boundary conditions enforced by the method of images. Results refer to 128�128
grid points (including re
ection quadrants). Simulation for N t = 12000 time steps with rh = 0:2.

ward normals in the x1-direction, while Dirichlet conditions are applied along the x2-direction. This
corresponds to an even (symmetric) re
ection in the x1-direction and an odd (antisymmetric) re
ection
in the x 2-direction of the initial condition. The FD simulation is executed over N t = 12000 time steps
with the stability parameter of r h = 0:2. The total spatial discretization consists of 128�128 grid points,
including the re
ected regions in quadrants II, III, IV, where N = 64 � 64 points represent the physical
domain of interest in quadrant I. Figure 7 illustrates the temporal evolution of T t in quadrant I at four
representative time instants, i.e., Nt = 0; 300; 1000 and 12000. The in
uence of the di�erent boundary
conditions on the spatial distribution of T t is clearly visible.

Figure 7: FD results for the two-dimensional heat equation (Equation (12)) with homogeneous mixed
boundary conditions implemented by the method of images are presented. Homogeneous Neumann
conditions are applied along the horizontal direction, while homogeneous Dirichlet conditions are imposed
in the vertical direction. The results are based on a spatial resolution of 128 � 128 grid points, including
the re
ected quadrants. The simulation is performed over Nt = 12000 time steps with a stability
parameter of rh = 0:2.

This dataset is available via the DOI-link: doi.org/10.25592/uhhfdm.18048 and it is also used as a
benchmark in the publication Ref. [7] published at the International Journal for Numerical Methods in
Engineering.

3.2.3 Flow around a cylinder using body-�tted grids

The two-dimensional laminar 
ow of a Newtonian 
uid with constant density ~� in the physical domain

 is described by the incompressible Navier{Stokes equations. To this end, the following case covers the

ow around a cylinder, employing curvilinear coordinates for discretization. Introducing the following
dimensionless variables: ~x =~~x=L; ~v = ~~v=U1 ; t = ~t=Tref ; and p = ~p=Pref ; the governing equations
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become

@~v
@t

+ (~v � ~r)~v = � ~rp +
1

Re
�~v + ~f in 
;

~r � ~v = 0 in 
 ;
(15)

where ~r denotes the gradient operator with respect to the non-dimensional spatial coordinates, and
Re = U1 L=~� is the Reynolds number. The convective reference time is given by Tref = L=U 1 , with
U1 representing the reference (free-stream) velocity, ~� the kinematic viscosity of the 
uid, and L a
characteristic length, typically chosen as the diameter D of the cylinder studied. Figure 8 illustrates the
computational setup for the two-dimensional 
ow around a cylinder of unit diameter D. The cylinder
boundary � is centered within a circular physical domain 
, whose outer boundary @
 is a circle with
diameter 32D. The reference pressure is de�ned as Pref = ~�U 2

1 , and the non-dimensional volume-

Figure 8: Dimensionless representation of the discretized 2D cylinder 
ow domain. The block-structured
O-type grid is illustrated with light-gray lines, while the domain boundaries are highlighted in black
(outer boundary) and magenta (cylinder surface), cf. [8].

speci�c body force is expressed as~f = ~~fL=U 2
1 . The initial condition for the velocity �eld is prescribed

as ~v(~x; 0) = ~vinit (~x). The boundary conditions are speci�ed as follows. On the surface of the object,
denoted by �, no-slip Dirichlet conditions are applied to the velocity, ~v = ~v � , while a natural Neumann
condition is imposed for the pressure:

~v � ~v � = ~0; ~rp � ~n = 0; on �;

~v � ~v 1 = ~0; p = 0; on @
;
(16)

where ~n is the outward unit normal vector to the boundary. On the exterior boundary @
, Dirichlet
conditions are enforced for both velocity and pressure. The boundary conditions are implemented via
a ghost-point method, which introduces additive correction terms to the discrete di�erential operators,
while the boundary points themselves are excluded from the solution vector [9]. Thereby, the benchmark
aligns to common quantum practice as discussed in Ref. [3]. Contributions to the source term~f due to
volume-speci�c body forces are neglected in this study.

The problem is discretized with FDs. To this end, the spatial discretization of the two-dimensional phys-
ical domain 
 employs a structured O-type grid, denoted by G and the physical coordinates (xij ; zij ) are
obtained through a mapping from a unit-square computational domain 
 0, implemented via a trans�nite
interpolation method [10]. Within the computational domain, the interior grid points are speci�ed by
the coordinates �ij = (i + 1) ��; � ij = j ��. De�ning N � and N� establishes an N� � N � uniform grid
with mesh spacings �� = 1

N � +1 ; �� = 1
N �

. The indices i = �1 and i = N � correspond to the inner
(top) and outer (bottom) boundaries of the domain 
 (and equivalently 
 0). The computational grid
is treated as periodic along the �-direction. Next, a coordinate transformation � : 
 0 ! 
 is intro-
duced, which maps the computational coordinates (�ij ; � ij ) to the physical coordinates (xij ; zij ), with
x ij = x(� ij ; � ij ); zij = z(� ij ; � ij ), as depicted by the light-gray lines in Figure 8. To assess the impact of
mesh re�nement, three nested grids with uniform spacing in the circumferential direction are considered:
G1 : N = 256 � 256 ; G 2 : N = 256 � 512 ; G 3 : N = 512 � 512 ; where N denotes the total
number of grid points. The minimum grid spacing near the cylinder surface, de�ned as the smaller of the
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radial grid spacing and the local circumferential arc length, is approximately hmin � 6:78 � 10 �3 ; for G1,
6:14 � 10 �3 ; for G2, and 3:39 � 10 �3 ; for G3. Again, all lengths are normalized by the cylinder diameter
D, so that h min = ~hmin =D denotes the smallest non-dimensional step size in physical space, typically
observed at the inner radial boundary adjacent to the cylinder surface. Analytic descriptions of the
discretizations are available in Ref. [8]. The use of this curvilinear discretization permits approximating
the spatial derivatives present in the momentum and continuity Equations (15) within the computational
domain 
 0. To this end, the di�erential operators are approximated by equidistant second-order central
di�erence schemes.

The computational framework is completed by the use of Chorin's [11] fractional step method, enabling
time evolution from t (m) to t (m+1) = t (m) + �t. In this process, an intermediate velocity �eld ~v � is com-
puted by solving the momentum equations without the pressure gradient. Subsequently, the intermediate
velocity �eld ~v � is corrected to enforce incompressibility by solving the pressure Poisson equation. The
velocity at the new time level t(m+1) is then updated by subtracting the pressure gradient contribution.
In this regard, the given numerical setup is applied to analyze the 
ow past a stationary cylinder under
steady (Re = 20) and unsteady (Re � 50) 
ow regimes (cf. Sec. 3.2.4), and for transient 
ow behavior
around a rotating cylinder at Reynolds number Re = 100 (cf. Section 3.2.5).

3.2.4 Non-Rotating Cylinder

Steady Flow (Re = 20) The steady-state solutions of the dimensionless Navier-Stokes equations
are computed at Reynolds number Re = 20 covering the discretizations G1, G2, and G3 by numerically
integrating a pseudo-transient initial value problem. Therefore, the time variable t is treated as a
pseudotime, which parametrizes the evolution from initial conditions to the steady state. To ensure
numerical stability for the convective term, the maximum 
ow velocity is estimated by scaling the free-
stream velocity, Umax = 
U 1 , with a conservative factor 
 = 1:5, following established guidelines in
the literature (see Ref. [9]). Consequently, the pseudotime step size �tk for each grid Gk is chosen
such that the associated convective Courant number remains below unity �tk = ~�t k D=U1 , with values
�t 1 = 4:5 � 10 �3 ; �t 2 = 3:8 � 10 �3 ; �t 3 = 1:1 � 10 �3 , respectively. The evolution is done till
convergence, requiring 30 
ow-through times. Figure 9 shows the converged 
ow �eld for the �nest
discretization at 8100 pseudo time steps. Moreover, Figure 9 includes an inset that magni�es the isoline
for direct comparison and emphasizes the classical F•oppl vortex pair behind the cylinder. To assess the
characteristics of the numerical method, the coe�cient of drag CD = 2 ~FD =(~�U 2

1 D), has been computed
for all three discretizations and is listed in Tab. 4. The value increases with re�ned discretization.
Moreover, the results con�rm that the coe�cient of drag is more sensitive to a grid re�nement in the
circumferential direction, which explains the increase from G2 to G3. For proof of concept, it is con�rmed
that the values are in the range and consistency is con�rmed.

Figure 9: Streamline visualization for the 
ow around a cylinder at Reynolds number Re = 20 and
indication of contours of the normalized horizontal velocity component (u) associated with the colorbar.
Furthermore, the zero-horizontal-velocity (u = 0) isoline is emphasized by a solid red line.

Unsteady Flow (Re = 150) The analysis of the unsteady 
ow regimes that develop for Reynolds
numbers Re � 50 marks another avenue within this experiment. Therefore, transient simulations are
conducted on the two coarser grids, G1 and G2, employing time steps of �t1 = ~�t 1U1 =D � 3:4 �
10�3 ; and �t 2 = ~�t 2U1 =D � 3:1 � 10 �3 , respectively. The maximum velocity is estimated as Umax =

U 1 ; with 
 = 2, ensuring that the Courant number remains below unity for all Reynolds numbers
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Table 4: Coe�cient of Drag C D sensitivity study along discretization G1, G2 and G3 at Reynolds number
Re = 20.

Discretization G1 G2 G3

Coe�. of Drag C D 2.047 2.057 2.097

considered. Given an expected Strouhal number of St � 0:2, this corresponds to approximately 60
time steps per vortex shedding period. For algorithmic enhancement, transient behavior is triggered
by introducing asymmetry into the initial velocity �eld via a perturbation in the form of a 5% velocity
modulation. The modulation is accomplished by setting the initial 
ow �eld to

uij (t = 0) = A 0
e(i��) 6

� 1
e � 1

sin (2�j��) ; (17)

where the perturbation amplitude is set to A0 = 0:05. This formulation introduces an asymmetry
relative to the branch cut for triggering vortex shedding while ensuring that the modulation intensity
diminishes radially toward the far-�eld boundary @
. Figure 10 shows a representative snapshot of the
velocity magnitude jvj at Re = 150 for the �nite-di�erence simulation. This snapshot corresponds to
approximately 85 passage times (roughly 2:5 � 104 time steps) on the coarse grid G1, for which the

ow has reached a periodic state. Again, to assess the grid convergence, the Strouhal number has been
computed and is listed in Tab. 5.

Figure 10: Velocity magnitude jvj snapshot at Re = 150 using grid G1, at approximately 85 
ow passes.

Table 5: Strouhal number St sensitivity study for discretizations G1 and G2.

Discretization G1 G2

Strouhal number 0.18447 0.18497

3.2.5 Rotating Cylinder

Instead of a stationary cylinder, we investigate a scenario known to exhibit the classical Magnus e�ect
at a Reynolds number of Re = 100. Therefore, the cylinder surface is subject to a no-slip boundary
condition with a prescribed non-zero tangential velocity U� = _� U 1 , where the dimensionless angular

velocity _� = D _~�
2 U1

= 1:0 is set. At the discrete boundary points, the components of the normalized
velocity vector ~v� are prescribed as

u� j = _� sin(2�j ��);

v� j = � _� cos(2�j ��);
j = 0; : : : ; N � � 1; (18)

where N� denotes the number of discretization points along the cylinder circumference. For a proof of
concept, this experiment only covers discretization G1.

The initial condition is chosen as a uniform 
ow, ~vinit = (U 1 ; 0)> . The sign convention corresponds
to a counter-clockwise rotation of the cylinder. This rotation induces a net time-averaged circulation
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around the body, which primarily manifests as a phase shift in the lift force oscillations. The time-
averaged coe�cient of lift results in C L = 2:49 at a Strouhal number of St = 0:1663. Figure 11 shows
the corresponding velocity magnitude �elds predicted at timesteps~tU1 =D = 4 and ~tU1 =D = 15.

Figure 11: Velocity magnitude �elds at non-dimensional times ~tU1 =D = 4 (left) and ~tU1 =D = 15
(right).

The benchmark dataset is available via the DOI: doi.org/10.25592/uhhfdm.17687 and is also used as a
benchmark along with the Ref. [8], which is published at Computer Physics Communications.

3.2.6 Immersed-boundary based Geometry representation of the S-Bent in a Box

The double-bent channel represents a simpli�ed example of the BEV cooling case, shown in Section 3.3.1.
The results presented for this deliverable (D2.1) include two generic con�gurations with the physical
behavior of the system characterized by the dimensionless similarity Re numbers of 100 and 500, de�ned
using the channel half-height. The two-dimensional geometry has the shape of a rectangular box 
 in
which the S-like geometry is realized based on the immersed-boundary method [12] as a penalization
domain. To this end, the rectangle has a total length of 1 [m], while the height is given by 0:2 [m]. The

uid domain (blue), de�ned by the wetted height � = 0:05 [m], is embedded in the larger rectangular
box where the penalty approach implements the S-Bent geometry with a simple porosity term is used to
penalize 
ow velocities and thereby represents the solid material (red), cf. Fig. 12. The corresponding

ow is governed by the incompressible Navier-Stokes equation, viz.

�
@~v
@t

+ � (~v � r)~v � r � (�
�
r~v + r~v T �

+ rp + �~v = 0 in 
;

�r � ~v = 0 in 
;
(19)

where ~r denotes the gradient operator, � [kg/m 3] is the density, � [m 2/2] the 
uid's viscosity, ~v =
[u; v]T [m/s] the velocity vector, p [m2/s2] the pressure, and � [1/s] the parameter de�ning the spatial
porosity �eld.

Figure 12: S-Bent case description, where the 
uid (blue) and solid (red) mask dimensions are indicated.

The boundary conditions are set as follows. At the inlet, velocity is prescribed as u(x) = u(z) = 0, and

a parabolic pro�le u(y) = V ref

�
1 � (2(y � y c)=H) 2

�
[m/s], with the reference velocity Vref = 1 [m/s],

the channel height H = 0:05 [m], and the channel centerline Yc = 0:025. The outlet 
ow velocity
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